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Rademacher-type Theorems and Varadhan
Short-Time Asymptotics for Local Dirichlet Spaces
LORENZO DELLO SCHIAVO∗ AND KOHEI SUZUKI§
Abstract. We prove the Rademacher property for a large class of generalized intrinsic extended
pseudo-distances on quasi-regular strongly local Dirichlet spaces, including spaces admitting no
square field operator. We discuss various applications of this result, and, in combination with the
Sobolev-to-Lipschitz property, we prove Varadhan-type heat-kernel short-time asymptotics with
respect to the intrinsic distance. We present a wide class of non-smooth and infinite-dimensional
examples, and a detailed discussion on ideal sub-Riemannian manifolds.
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2 L. DELLO SCHIAVO AND K. SUZUKI
1. Introduction
Let (X, τ) be a locally compact Polish space with Borel σ-algebraBτ and endowed with a σ-finite
Borel Radon measure m with full support. Further let (E ,F) be a regular strongly local Dirichlet
form on L2(X,Bτ ,m) admitting carré du champ operator (Γ,F), and recall that a measurable
function f : X → R is in the local domain Floc of (E ,F) if for each relatively compact open G ⊂ X
there exists fG ∈ F so that f = fG m-a.e. on G. The intrinsic distance of (E ,F) is the extended
pseudo-metric
dm(x, y) := sup {f(x)− f(y) : f ∈ Floc ∩ C(τ) , Γ(f) ≤ 1 m-a.e.} .(1.1)
By ‘extended’ we mean that it may take the value +∞, by the prefix ‘pseudo’ that it may vanish
outside the diagonal.
In this generality, it is well-known that the intrinsic distance is a useful tool in describing the
space (X, τ) ‘as seen by’ the diffusion process properly associated to (E ,F). Under the assump-
tion of ‘strict locality’, i.e. when dm induces the original topology τ , the metric properties of the
space further relate topological properties of the space, such as connectedness, and to stochastic
properties of the process, such as irreducibility, e.g. [16, 64, 65, 66].
In the case when (X, τ) is locally compact Polish, several definitions of ‘intrinsic metric’ are
given, and are by now well-understood under the assumption that they are τ -continuous. In this
case, many fine properties of the metric are known, including: length properties [63, 64]; properties
of the associated metric slopes and Lipschitz functions, even for non-local forms as in [34]; and
many others. In addition to the τ -continuity of dm, other assumptions often include some interplay
between the metric and the measure, e.g. doubling and Poincaré properties as in [47], or Lott–
Villani–Sturm synthetic Ricci curvature bounds [11, 46].
Much less is known in the case when (X, τ) is not locally compact, and only under the assumption
that the intrinsic distance generates τ , or, is at least τ -continuous, [11, 49]. Assuming a Dirichlet-
forms point of view, one might be tempted to address this case by the ‘transfer method’. However,
quasi-homeomorphisms of Dirichlet spaces [24] are unsuitable to transfer metric properties, partly
because a quasi-homeomorphism is only defined up to polar sets, and, more importantly, for the
obvious reason that inherently metric properties, such as completeness, do not transfer even by
homeomorphism. The same criticism applies to ‘coarse topology methods’, e.g. [6], realizing a
quasi-homeomorphic image of (X, τ) on the same set X.
Hence the need for a study of intrinsic distances on more general Dirichlet spaces, including,
for example: Wiener spaces, path and loop spaces, configuration spaces, and any other Dirichlet
spaces with extended intrinsic distances and, possibly, non-metrizable underlying topology; spaces
with rough (i.e. non-Radon, or even nowhere-Radon) reference measures; and others.
In this paper we consider a quasi-regular strongly local Dirichlet form (E ,F) on L2(X,Bτ ,m)
for a possibly non-metrizable topological Luzin space (X, τ) with σ-finite measure m. The need for
such generality in choice of the topology is not recondite, and arises already in considering Dirichlet
spaces over Banach spaces endowed with their weak topology. Allowing for non-Radon measures
further includes standard examples in the theory of quasi-regular Dirichlet forms, see e.g. [5, 60].
We define a class of ‘E-moderate’ Borel measures on X, Dfn. 2.22, including (non-Radon) E-
smooth measures, Dfn. 2.23. For any such measure µ, the broad local domain of functions with
µ-bounded energy is
Lµloc := {f ∈ F•loc : µf ≤ µ} .
Here, for f in the broad local domain F•loc (in the sense of [50], see §2.4), µf is the energy measure
of f . Finally, let d : X×2 → [0,∞] be any extended pseudo-metric, possibly unrelated to τ , and set
Lip1(d) := {f : X → R : Ld(f) ≤ 1} ,
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and
Ld(f) := inf {L > 0 : |f(x)− f(y)| ≤ L d(x, y) , x, y ∈ X} .
It is natural to investigate relations between the first-oder differential structure on X arising
from the d-Lipschitz algebra, and the one arising from the square-field operator (or energy measure)
of E . Motivated by this question, we investigate the Rademacher and the Sobolev-to-Lipschitz
properties, as follows. Neglecting — for the purpose of this introduction — measurability details,
say that (E , d, µ) has:
(Rad) the Rademacher property, if Lip1(d) ⊂ Lµloc;
(SL) the Sobolev-to-Lipschitz property, if Lµloc ⊂ Lip1(d).
We consider several inequivalent formulations of the properties above, Dfn.s 3.1 and 4.1, suitable to
address extended pseudo-distances. These properties are of particular interest in the case when µ
is E-smooth, and d = dµ is the intrinsic distance
dµ(x, y) := sup {f(x)− f(y) : f ∈ Lµloc ∩ Cb(τ)} .(1.2)
Whereas it is common in the literature to restrict the above definition to the case µ = m, the
intrinsic distance dµ for E-smooth µ is naturally related to — however different from — the intrinsic
distance of the µ-perturbation (2.25) of (E ,F), see Example 3.5. It provides a non-trivial intrinsic
distance in the case when energy measures are singular w.r.t. the reference measure, e.g. on fractal
spaces, or for the Dirichlet form [37] of Liouville Brownian Motion.
In the process of developing the theory on quasi -regular Dirichlet spaces, we discuss many results
previously available only in the regular case. In particular, we extensively discuss localization
arguments by nests, §2.4. Furthermore, in order to deal with the intrinsic distance dµ w.r.t. any
E-smooth measure µ, we introduce the notion of the E-moderance of measures, §2.5.2, and discuss
its relations to the E-smoothness, §2.5.3, and to the E-dominance of measures, §2.5.1, introduced
in [43, Def. 2.1] for regular forms.
Once (Rad) and (SL) are established, they have various applications in establishing: properties
of the extended metric space (X, dµ), as the length property (see §3.3), or completeness (see §4.1);
properties of function spaces on X, as the density of some families of functions in various Sobolev-
type spaces on X, the quasi-regularity of (E ,F) (see §3.2), or the existence of Sobolev cut-off
functions (see §3.4); properties of operators acting on said function spaces, as the regularizing
effects of the heat semigroup associated to (E ,F), and its short-time asymptotic in the sense of
Varadhan (see §4.2).
On the Rademacher property. Firstly, we provide sufficient conditions for this property to hold.
Theorem. The following assertion hold:
(a) if (X, dµ) is a separable extended metric space, then (E , dµ, µ) has the Rademacher property,
see Prop. 3.10;
(b) if d(A, · ) ∧ r ∈ Lµloc for all measurable A ⊂ X, and each r > 0, then (E , d, µ) has the
Rademacher property, see Thm. 3.8.
In the strongly local case, the second assertion in the theorem extends [34, Thm. 4.9] to quasi-
regular Dirichlet forms on spaces that are possibly not locally compact. Crucially, we also remove
all continuity assumptions on d, thus sensibly generalizing both [34], and [49, Thm. 1.1]. In
the particular case d = dm, the first assertion is an extension: of [64, Lem. 1], removing strong
regularity, see Rmk. 3.17; and of some implications in [11, Thm 3.9], removing the assumption on
existence of continuous Sobolev cut-offs — (Locµ,τ ), see Dfn. 3.24 below or [11, Dfn. 3.6(a)] —,
which we discuss extensively in §3.4.
Independently of the Rademacher property, we also consider the following natural question:
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Question. Given A ⊂ X, when is dµ( · , A) an element of Lµloc,b ?
When A is a singleton, the existence of Sobolev cut-offs as in (Locµ,τ ) provides a positive answer
for d = dµ. Notably, as for the previous Theorem, we do not assume the τ -continuity of dµ,
generalizing [64, Lem. 1].
Proposition (See Prop. 3.29). If (E , d, µ) satisfies (Locµ,τ ) — e.g., if m is a finite measure —
and m is Radon, then d( · , x0) ∧ r ∈ Lµloc for every x0 ∈ X and each r > 0.
As a key step in the proof of this result, we show that Lµloc,b is L∞(m)-weak*-closed, which requires
a careful treatment of nets of functions, as opposed to sequences; see Lemma 2.36.
Finally, among other generalizations from the regular to the quasi-regular case, we obtain the
following characterization of the length property for intrinsic metrics. We say that (X, dm) is locally
complete if every point in X has a metrically complete neighborhood.
Theorem (See Dfn. 3.16 and Thm. 3.21). Assume (E ,F) is strictly local. If (X, dm) is a locally
complete metric space, then it is a length space.
This result generalizes the analogous statements: [63, Thm. 5.2], for regular forms under local
compactness and local completeness of (X, dm); and [11, Thm 3.10] under completeness of (X, dm)
and (Locµ,τ ). For the importance of the locally complete non-complete case, see Remark 3.22 and
Example 3.23 below. Following [63] and basing on the localization by nests developed in §2, in the
proof we show that Lµ,τloc,b is a sheaf, and combine this fact with the (Rad) property shown in the
first theorem to obtain the conclusion.
On the Sobolev-to-Lipschitz property and the short-time asymptotics for the heat semigroup. Our
main interest in Sobolev-to-Lipschitz-type properties is related to the diffusion process properly
associated to the form (E ,F). For this reason, after showing that quasi-regularity and metric
completeness are non-restrictive assumptions under the Sobolev-to-Lipschitz property, §4.1, we
mostly concentrate on the interplay between the Sobolev-to-Lipschitz property and the short-time
asymptotics for the heat semigroup of (E ,F).
To this end, under various Sobolev-to-Lipschitz- and Rademacher-type assumptions, we compare
the point-to-set distance d( · , A), with A ⊂ X, to the function d¯µ,A, the m-a.e. maximal function
in Lµloc satisfying d¯µ,A ≡ 0 m-a.e. on A. When µ = m, maximal functions of this type were
considered in Hino–Ramírez [44] and Ariyoshi–Hino [12]. They identify the Varadhan short-time
asymptotics for the heat kernel bi-measure Pt(A1, A2) (4.7) associated to (E ,F), viz.
lim
t→0
(−2t logPt(A1, A2)) = (m- essinf
y∈A2
d¯m,A1(y)
)2
, mA1,mA2 > 0 .(1.3)
Remarkably, their result shows that any strongly local Dirichlet space has Gaussian short-time be-
havior, thus suggesting — at first sight — that the Gaussian behavior is canonical. However, (1.3)
holds without any topology, and therefore the maximal function d¯m,A, defined only m-a.e. and
in a non-constructive way, is not a geometric object, in the sense that it bears no topological
information on the underlying space. In particular, this is the case for canonical diffusions on frac-
tals, typically displaying sub-Gaussian short-time behavior in terms of some geometric distances d,
whereas having vanishing maximal functions d¯m,A ≡ 0.
In light of this observation, the identification of d¯m,A with dm( · , A) can provide the necessary
geometric understanding of the short-time asymptotics in concrete examples where the intrinsic
distance dm is related to a given geometric distance; plenty of such examples are given below.
The (Rad) and (SL) properties discussed in the previous paragraphs play a significant role in
linking these two objects together:
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Theorem (Thm. 4.19 and Cor.s 4.20, 4.22). Assume (E , dµ, µ) satisfies both (Rad) and (SL).
Then, for each open A ⊂ X, we have d¯µ,A = dµ( · , A). In particular, if µ = m, then the following
Varadhan short-time asymptotics holds:
lim
t→0
(−2t logPt(A,B)) = dm(A1, A2)2 , A1, A2 open , A1, A2 6= ∅ .(1.4)
For the corresponding statement for non-open sets, see Corollary 4.22.
The more general formulation of the above result presented in Corollary 4.22 holds on vari-
ous non-smooth or infinite-dimensional spaces, including RCD or p-thick geodesic infinitesimally
doubling metric measure spaces (see Example 4.12 and the References therein), or on the Wiener
space (see Example 4.9). The statement is new even in the case of the Wiener space, since the
formulation in Corollary 4.22 does not require the sets A1, A2 to be open, which is instead the
case in [1, 2]. Additionally, the Theorem provides a useful way to study heat kernels on other
infinite-dimensional spaces, and in particular on configurations spaces, as will be discussed in a
forthcoming work by the authors.
As another application, in §5 we thoroughly discuss the case of sub-Riemannian manifolds.
Namely, we provide a synthetic proof of the Sobolev-to-Lipschitz property for locally doubling
ideal sub-Riemannian manifolds with essentially non-degenerate distortion coefficients, Dfn. 5.6,
following [39]. These include for example: the Heisenberg group, generalized H-type groups, the
Grushin plane, Sasakian manifolds, and others; see Example 5.8. Together with (Rad), the (SL)
property allows to identify the short-time asymptotics for heat kernel as in (1.4), where dm in the
right-hand side coincides with the Carnot–Carathéodory distance.
Examples. We discuss several examples of Dirichlet spaces satisfying, fully or in part, the prop-
erties of interest. Among them are: Riemannian manifolds, metric measure spaces [11, 23], config-
uration spaces [4, 59], Hilbert and Wiener spaces [1, 2, 18, 31], and others. The identification of
the right-hand side of (1.4) is one main motivation in the study of Rademacher- and Sobolev-to-
Lipschitz-type properties, particularly for diffusion processes constructed via Dirichlet forms and
difficult to study by other means. Examples include diffusion processes on infinite-dimensional
state spaces, such as Hilbert and Wiener spaces [1, 70], path and loop groups [2, 44], spaces of
probability measures [27, 28, 45, 58].
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2. Auxiliary results
2.1. Metric and topological spaces. Let X be any non-empty set. A function d : X×2 → [0,∞]
is an extended pseudo-distance if it is symmetric and satisfying the triangle inequality. Any such d
is: a pseudo-distance if it is everywhere finite, i.e. d : X×2 → [0,∞); an extended distance if it does
not vanish outside the diagonal in X×2, i.e. d(x, y) = 0 iff x = y; a distance if it is both finite and
non-vanishing outside the diagonal.
Let x0 ∈ X and r ∈ [0,∞]. We write Bdr(x0) := {dx0 < r}. Note that, if d in an extended
pseudo-metric, then both of the inclusions {x0} ⊂ Bd0(x0) and Bd∞(x0) ⊂ X may be strict ones.
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We say that an extended metric space is, complete, resp. length, geodesic, if Bd∞(x) is complete,
resp. length, geodesic for each x ∈ X. Finally set
d( · , A) := inf
x∈A
d( · , x) : X −→ [0,∞] , A ⊂ X .
For an extended pseudo-distance d on X, let τd denote the (possibly not Hausdorff) topology
on X induced by the pseudo-distance d ∧ 1. The topology τd is Hausdorff if and only if d is an
extended distance. The topology τd is separable if and only if there exists a countable family of
points (xn)n ⊂ X so that X = ∪nBd∞(xn) and (Bd∞(xn), d) is a separable pseudo-metric space for
every n ∈ N.
If d is an extended pseudo-distance, then d( · , A) = d( · , cldA) for every A ⊂ X, where cld = clτd
always denotes the closure of A in the topology τd.
Lipschitz functions. A function f : X → R is d-Lipschitz if there exists a constant L > 0 so that
|f(x)− f(y)| ≤ L d(x, y) , x, y ∈ X .(2.1)
The smallest constant L so that (2.1) holds is the (global) Lipschitz constant of f , denoted by Ld(f).
We write Lip(d), resp. Lipb(d) for the family of all finite, resp. bounded, d-Lipschitz functions
on (X, d).
The next lemma is an easy adaptation of McShane [54] to extended metric spaces.
Lemma 2.1 (Constrained McShane extensions). Let (X, d) be an extended metric space. Fix A ⊂
X, A 6= ∅, and let f : A→ R be a function in Lipb(A, d). Further set
(2.2)
f : x 7−→ sup
A
f ∧ inf
a∈A
(
f(a) + Ld(f) d(x, a)
)
,
f : x 7−→ inf
A
f ∨ sup
a∈A
(
f(a)− Ld(f) d(x, a)
)
.
Then,
(i) f = f = f on A and infA f ≤ f ≤ f ≤ supA f on X;
(ii) f , f ∈ Lipb [d] with Ld(f) = Ld(f) = Ld(f);
(iii) f , resp. f , is the minimal, resp. maximal, function satisfying (i)-(ii), that is, for every g ∈
Lipb(d) with infA f ≤ g ≤ supA f , g
∣∣
A
= f on A and Ld(g) ≤ Ld(f), it holds that f ≤ g ≤
f .
Proof. If f is constant, then trivially f = f = f . Thus, we may assume that f is non-constant, so
that osc(f) := supA f − infA f > 0 and Ld(f) > 0. Up to translation and rescaling, we may and
shall assume with no loss of generality that Ld(f) = 1 and infA f = 0.
Define a distance on X by d′ := d∧osc(f). Since Ld(f) = 1, then Ld(f) = Ld′(f). Assertions (i)-
(iii) with d′ in place of d follow straightforwardly from the properties of the usual McShane
extensions on metric spaces, see e.g. [42, Rmk. 4.14]. Thus, it suffices to show that f ′ and f
′
,
defined as in (2.2) with d′ in place of d, satisfy in fact f ′ = f and f
′
= f . This last assertion
follows since
f(x) = sup
A
f ∧ inf
a∈A
(
f(a) + d(x, a)
)
= sup
A
f ∧ inf
a∈A
(
f(a) ∧ sup
A
f + d(x, a) ∧ sup
A
f
)
= sup
A
f ∧ inf (f(a) + d′(x, a)) = f ′(x) ,
and analogously for f . 
Topological spaces. A Hausdorff topological space (X, τ) is:
(a) strongly Lindelöf if every open cover of any open set in X has a countable sub-cover;
(b) a topological Luzin space if it is a continuous injective image of a Polish space;
(c) a metrizable Luzin space if it is homeomorphic to a Borel subset of a compact metric space.
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As a consequence of [62, (6) and (5), p. 104], we have that (c) =⇒ (b) =⇒ (a). Furthermore, every
strongly Lindelöf space is hereditarily (strongly) Lindelöf, i.e., every subspace of (X, τ) is strongly
Lindelöf, e.g. [62, (2), p. 104].
Let (X, τ) be a Hausdorff topological space. A family of pseudo-distances UP is a uniformity
(of pseudo-distances) if: (a) it is directed, i.e., d1 ∨ d2 ∈ UP for every d1, d2 ∈ UP; and (b) it is
order-closed, i.e., d2 ∈ UP and d1 ≤ d2 implies d1 ∈ UP for every pseudo-distance d1 on X. A
uniformity is: bounded if every d ∈ UP is bounded; Hausdorff if it separates points.
The next definition is a reformulation of [7, Dfn. 4.1].
Definition 2.2 (Extended metric-topological space). Let (X, τ) be a Hausdorff topological space.
An extended pseudo-distance d : X×2 → [0,∞] is τ -admissible if there exists a uniformity UP of
τ -continuous pseudo-distances d′ : X×2 → [0,∞), so that
d = sup {d′ : d′ ∈ UP} .(2.3)
The triple (X, τ, d) is an extended metric-topological space if d is τ -admissible, and there exists a
uniformity UP witnessing the τ -admissibility of d, and additionally Hausdorff and generating τ .
Remark 2.3. Our definition is equivalent to [7, Dfn. 4.1]. Indeed, let Q := {di}i∈I be as in [7,
Dfn. 4.1]. As already noted in [7, §4.1], possibly up to enlarging I, we may assume with no loss
of generality: that Q is directed, up to taking di, dj ≤ di ∨ dj ∈ Q; and that every di ∈ Q is
bounded, up to taking di ∧ r ∈ Q, r > 0. Furthermore, we may assume that Q is order-closed,
up to taking its order-closure, and therefore that it is a bounded uniformity Q = UPb. Thus, an
extended distance d is τ -admissible if and only if it satisfies [7, Dfn. 4.1(a)]. If UP is additionally
generating τ (see e.g. [55, Thm. 1.2]), then it is Hausdorff, since τ is so, and (X, τ, d) satisfies [7,
Dfn. 4.1(b)] by [7, Lem. 4.2]. Our definition makes apparent that: (a) there is a surjection between
Hausdorff uniformities UP on a set X and extended metric-topological spaces, given by letting τ
be the topology generated by UP, and by defining d as in (2.3); and that (b) the topology τ of an
extended metric-topological space is completely regular Hausdorff, see e.g. [55, Cor. 1.23].
2.2. Measure spaces. Let (X, τ) be a Hausdorff topological space. We denote by Bτ the Borel
σ-algebra of (X, τ). Given a Borel measure m on (X,Bτ ), we denote by Bmτ the (Carathédory)
completion of Bτ w.r.t. m. Given σ-finite measures µ0, µ1 on (X,Bτ ), we write µ0 ≤ µ1 to
indicate that µ0A ≤ µ1A for every A ∈ Bτ . Every Borel measure on a strongly Lindelöf space has
support, [53, p. 148].
We denote by L0(Σ), resp. L∞(Σ), the vector space of all everywhere-defined real-valued,
resp. uniformly bounded, (Σ-)measurable functions on X. When µ is a measure on (X,Σ), we
denote by L0(µ) the corresponding vector space of µ-classes. We denote by L2(µ) the vector space
of all µ-square-integrable functions in L0(Σ), by L2(µ) the corresponding space of µ-classes. Let
the corresponding definition of Lp(µ), resp. Lp(µ), be given for all p ∈ [1,∞).
As a general rule, we denote measurable functions by either fˆ or f˜ , and classes of measurable
functions up to a.e. equality simply by f . We drop this distinction only for τ -continuous functions,
simply writing f for both the class and any τ -continuous representative of it.
Measurability and continuity of Lipschitz functions. Let (X, τ) be a Hausdorff space, d : X×2 →
[0,∞] be an extended distance on X. Let fˆ : X → [−∞,∞] be d-Lipschitz with fˆ 6≡ ±∞. In
general, fˆ is neither everywhere finite, nor τ -continuous, nor Bτ -measurable. For a given σ-
algebra Σ on X, this motivates to set
Lip(d,Σ) := Lip(d) ∩ L0(Σ) , Lipb(d,Σ) := Lipb(d) ∩ L∞(Σ) .
Main assumptions. Everywhere in the following, X is a quadruple (X, τ,Σ,m) so that Bτ ⊂ Σ ⊂
Bmτ , the reference measure m is positive σ-finite, and one of the following holds:
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(sp1) (X, τ) is a Hausdorff space;
(sp2) (X, τ) is a topological Luzin space and supp[m] = X;
(sp3) (X, τ) is a second countable locally compact Hausdorff space, m is Radon and supp[m] = X.
Spaces satisfying (sp2) are generally non-metrizable. Natural examples of non-metrizable such
spaces that are of interest in Dirichlet forms’ theory include infinite-dimensional separable Banach
spaces endowed with their weak topology. If X satisfies (sp2), then it is Suslin [62, §II.1 Dfn. 3,
p. 96] and therefore strongly Lindelöf [62, §II.1 Prop. 3, p. 104]. The support of f ∈ L0(m) is
defined as supp[f ] := supp[|fˆ | ·m]; it is independent of the m-representative fˆ of f , e.g. [53, p. 148].
We conclude this section with the next lemma. A proof is standard.
Lemma 2.4. Let X be satisfying (sp1), and assume further that m has τ -support, i.e. m(X \
suppτ [m]) = 0, and that suppτ [m] = X. Further let U ⊂ X be τ -open, and f, g : X → R be
τ -continuous and agreeing m-a.e. on U . Then, f = g everywhere on U .
2.3. Dirichlet spaces. Given a bilinear form (Q,D(Q)) on a Hilbert space H, we write
Q(h) :=Q(h, h) , Qα(h0, h1) :=Q(h0, h1) + α 〈h0 |h1〉 , α > 0 .
Let X be satisfying Assumption (sp1). A Dirichlet form on L2(m) is a non-negative definite
densely defined closed symmetric bilinear form (E ,F) on L2(m) satisfying the Markov property
f0 := 0 ∨ f ∧ 1 ∈ F and E(f0) ≤ E(f) , f ∈ F .
If not otherwise stated, F is always regarded as a Hilbert space with norm E1( · )1/2. A Dirichlet
space is a pair (X, E), where X satisfies (sp1) and (E ,F) is a Dirichlet form on L2(m).
2.3.1. Quasi-notions. For any A ∈ Bτ set FA := {u ∈ F : u = 0 m-a.e. on X \A}. A sequence
(An)n ⊂ Bτ is a Borel E-nest if ∪nFAn is dense in F . If (pA) is a property of sets A ∈ Bτ , a
(p)-E-nest is a Borel nest (An) so that (pAn) holds for every n. In particular, a closed E-nest,
henceforth simply referred to as an E-nest, is a Borel E-nest consisting of closed sets.
A set N ⊂ X is E-polar if there exists an E-nest (Fn)n so that N ⊂ X \ ∪nFn. A set G ⊂ X is
E-quasi-open if there exists an E-nest (Fn)n so that G∩Fn is relatively open in Fn for every n ∈ N.
A set F is E-quasi-closed if X \ F is E-quasi-open. Any countable union or finite intersection
of E-quasi-open sets is E-quasi-open; analogously, any countable intersection or finite union of
E-quasi-closed sets is E-quasi-closed; [35, Lem. 2.3].
A property (px) depending on x ∈ X holds E-quasi-everywhere (in short: E-q.e.) if there exists
an E-polar set N so that (px) holds for every x ∈ X \N . Given sets A0, A1 ⊂ X, we write A0 ⊂ A1
E-q.e. if 1A0 ≤ 1A1 E-q.e.. Let the analogous definition of A0 = A1 E-q.e. be given.
A function fˆ ∈ L0(Σ) is E-quasi-continuous if there exists an E-nest (Fn)n so that fˆ
∣∣
Fn
is
continuous for every n ∈ N. Equivalently, f˜ is E-quasi-continuous if and only if it is E-q.e. finite
and f˜−1(U) is E-quasi-open for every open U ⊂ R, see e.g. [36, p. 70]. Whenever f ∈ L0(m) has
an E-quasi-continuous m-version, we denote it by f˜ ∈ L0(Σ).
Lemma 2.5. Let (X, E) be a Dirichlet space, and G ⊂ X be E-quasi-open, resp. E-quasi-closed.
Then, there exists G′ ∈ Bτ E-quasi-open, resp. E-quasi-closed, and so that G4G′ is E-polar.
Proof. We show the assertion for E-quasi-open G. The case of E-quasi-closed G follows by comple-
mentation. Let (Fn)n be an E-nest witnessing that G is E-quasi-open. That is, for every n there
exists Gn ∈ τ so that Fn ∩Gn = G∩Fn is relatively open in Fn. Set G′ :=∪n(Gn ∩Fn) ∈ Bτ and
note that is E-quasi-open. Furthermore, G′4G ⊂ X \ ∪nFn is E-polar. 
Whenever needed, we shall always assume — without explicit mention — that E-quasi-open,
resp. E-quasi-closed, sets are additionally Borel measurable.
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Spaces of measures. We writeM+b (Σ), resp.M
+
σ (Σ),M
±
b (Σ),M
±
σ (Σ), for the space of finite, resp.
σ-finite, finite signed, extended σ-finite signed, Borel measures on (X,Σ). A further subscript ‘r’
indicates (sub-)spaces of Radon measures, e.g. M+br(Σ). We write M
±
σ (Σ,NE) for the space of
extended σ-finite signed measures not charging sets in the family NE of E-polar Borel subsets
of X. We write limα µα = µ to indicate that the net (µα)α ⊂ M±σ (Σ) is strongly converging
to µ ∈M±σ (Σ), i.e. limα µαA = µA for every A ∈ Σ.
General properties. A Dirichlet space (X, E) is quasi-regular if each of the following holds:
(qr1) there exists an E-nest (Fn)n consisting of τ -compact sets;
(qr2) there exists a dense subset of F the elements of which all have E-quasi-continuous m-
versions;
(qr3) there exists an E-polar set N and a countable family (un)n of functions un ∈ F having
E-quasi-continuous versions u˜n so that (u˜n)n separates points in X \N .
We will occasionally consider Dirichlet spaces satisfying only some properties out of (qr1)-(qr3).
For meaningful examples of such spaces, see [60].
Let (X, E) be a quasi-regular Dirichlet space, (Fn)n be an E-nest witnessing its quasi-regularity,
and set X0 :=∪nFn, endowed with the trace topology τ0, σ-algebra Σ0, and the restriction m0
of m to Σ0. Then, X0 satisfies (sp2), and the space Lp(m) may be canonically identified with the
space Lp(m0), p ∈ [0,∞], since X \ X0 is E-polar, hence m-negligible. By letting E0 denote the
image of E under this identification, (X0, E0) is a quasi-regular Dirichlet space, and F0 is canonically
linearly isometrically isomorphic to F . See [53, Rmk. IV.3.2(iii)] for the details of this construction.
Remark 2.6. When considering a quasi-regular Dirichlet space (X, E), we may and shall therefore
assume, with no loss of generality, that X satisfies (sp2). Since X0 is σ-compact by definition
of (Fn)n, it is in principle not restrictive — in discussing quasi-regular Dirichlet spaces — to
assume X to be additionally σ-compact. However, we refrain from so doing, since this assumption
is indeed restrictive when discussing extended distances on such spaces and in particular their
completeness. This is the case for infinite-dimensional Banach spaces with their strong topology,
which are never σ-compact.
A Dirichlet space (X, E) with X satisfying (sp2) is
• local if E(f, g) = 0 for every f, g ∈ F with supp[f ], supp[g] compact, supp[f ]∩supp[g] = ∅;
• strongly local if E(f, g) = 0 for every f, g ∈ F with supp[f ], supp[g] compact and f constant
on a neighborhood of supp[g];
• regular if X satisfies (sp3), and C0(τ) ∩ F is both dense in F and dense in C0(τ).
Quasi-homeomorphism. Let (X, E) be a Dirichlet space, and (X], τ ]) be a Hausdorff space.
Further let N ∈ NE and set X0 :=X \ N , endowed with the non-relabeled subspace topology
and σ-algebra inherited from X. Suppose j : X0 → X] is Bτ/Bτ] -measurable and define a mea-
sure m] on (X],Bτ]) by m] := j]m. Here, and everywhere in the following, we denote by j]m the
push-forward measure of m via the map j. Note that m] is positive σ-finite, which justifies the
notation X] :=(X], τ ],Bτ] ,m]), satisfying (sp1). Since N ∈ NE , it is in particular m-negligible,
and thus
j∗ : L2(m])→ L2(m) , f ] 7→ f ] ◦ j
is well-defined and and an isometry. The j-image of (E ,F) is the quadratic form on L2(m]) defined
by
F j :={f ] ∈ L2(m]) : j∗f ] ∈ F} , Ej(f ], g]) := E(j∗f ], j∗g]) , f ], g] ∈ Fj .(2.4)
It is densely defined, thus a Dirichlet form, if j∗ is surjective.
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Two Dirichlet spaces (X, E) and (X], E]) are quasi-homeomorphic [24, Dfn. 3.1] if there exists
an E-nest (Fn)n in X, resp. an E]-nest
(
F ]n
)
n
in X], and a map j : ∪n Fn → ∪nF ]n so that
(qh1) for each n, the restriction j
∣∣
Fn
is a topological homeomorphism of Fn onto F ]n;
(qh2) j]m = m];
(qh3) (E],F ]) = (Ej ,F j).
Quasi-homeomorphisms between Dirichlet spaces induce an equivalence relation, see e.g. [24,
Rmk. 3.4(i)]. A Dirichlet space (X, E) is quasi-regular if and only if it is quasi-homeomorphic
to a regular Dirichlet space (X], E]), [24, Thm. 3.7]. Finally, (strong) locality is invariant under
quasi-homeomorphism, (consequence of) [50, Thm. 5.2].
Quasi-interior, quasi-closure. Let (X, E) be a quasi-regular Dirichlet space. Every f ∈ F has an
E-q.e.-unique E-quasi-continuous m-representative, denoted by f˜ , [53, Prop. IV.3.3.(iii)]. For A ⊂
X set
U := {G E-quasi-open, A ⊃ G} , F := {F E-quasi-closed, A ⊂ F} .
By [35, Thm. 2.7], U has an E-q.e.-maximal element denoted by intE A, E-quasi-open, and called
the E-quasi-interior of A. Analogously, F has an E-q.e.-minimal element denoted by clEA, E-
quasi-closed, and called the E-quasi-closure of A.
Lemma 2.7 ([50, Lem. 3.3]). Let (X, E) be a quasi-regular Dirichlet space. Then, a family (Fn)n
of τ -closed sets is an E-nest if and only if ∪n intE Fn = X E-q.e..
Domains. Let (X, E) be a Dirichlet space. We write Fb :=F ∩L∞(m). The extended domain Fe
of (E ,F) is the space of all functions f ∈ L0(m) so that there exists an E1/2-fundamental se-
quence (fn)n ⊂ F with m-a.e.-limn fn = f . We write Feb :=Fe ∩ L∞(m). The bilinear form E
on F extends to a non-relabeled bilinear form on Fe, [50, Prop. 3.1]. Furthermore,
• Fb is an algebra w.r.t. the pointwise multiplication, [19, Prop. I.2.3.2];
• if (X, E) is quasi-regular, then Fb is dense in F , [50, Cor. 2.1];
• if (X, E) is quasi-regular, then F is separable, [53, Prop. IV.3.3, p. 102];
2.3.2. Energy measures. We collect some properties quasi-regular strongly local Dirichlet spaces.
Set
Γf,g(h) := E(fh, g) + E(gh, f)− E(fg, h) , Γf (h) := Γf,f (h) , f, g, h ∈ Fb .
Theorem 2.8 (Cf. [50, Thm. 5.2, Lem.s 5.1, 5.2]). Let (X, E) be a quasi-regular strongly local
Dirichlet space. Then, a bilinear form µ · , · is defined on F×2b with values in M±br(Bτ ,NE) by
2
∫
h˜dµf,g = Γf,g(h) , f, g, h ∈ Fb .(2.5)
The form µ · , · satisfies:
(i) the representation property
E(f, g) = 12µf,gX , f, g ∈ Fb ;(2.6)
(ii) the Cauchy–Schwartz inequality∣∣∣∣∫ uˆ vˆ dµf,g∣∣∣∣ ≤
√∫
uˆ2 dµf
√∫
vˆ2 dµg , f, g ∈ Fb , uˆ, vˆ ∈ L∞(Bτ ) ;(2.7)
(iii) the truncation property
µf∧g,h =1{f˜≤g˜} µf,h + 1{f˜>g˜} µg,h , f, g, h ∈ F ;(2.8)
(iv) the chain rule
µϕ◦f = (ϕ′ ◦ f˜)2 · µf , f ∈ Fb , ϕ ∈ C1(R) , ϕ(0) = 0 ;(2.9)
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(v) the Leibniz rule
(2.10)
µfg,h =f˜ µg,h + g˜ µf,h , f, g, h ∈ Fb ,
µfg =f˜
2 µg + g˜
2 µf + 2f˜ g˜ µf,g , f, g ∈ Fb ;
(vi) the weak Banach algebra property for Fb
E(fg) ≤ 2 ‖f‖2∞ E(g) + 2 ‖g‖2∞ E(f) , f, g ∈ Fb ;(2.11)
(vii) the strong locality property
1G µf,g =0 , G E-quasi-open , f, g ∈ Fb , f ≡ constant m-a.e. on G .(2.12)
Proof. We recall the construction of µ · , · for reference in the proof of Proposition 2.12 below.
Assume first that (X, E) is a regular strongly local Dirichlet space. Since (X, τ) is Polish,
then M+b (Bτ ) = M
+
br(Bτ ), e.g. [17, Thm. II.7.1.7]. The existence of µ · , · : F×2 →M+b (Bτ ,NE) is
the standard representation of the strongly local part in the Beurling–Deny decomposition of (E ,F),
e.g. [36, Lem.s 3.2.3, 3.2.4, p. 126f].
Assume now that (X, E) is quasi-regular strongly local. By quasi-regularity, there exists a
regular (strongly local) Dirichlet space (X], E]) quasi-homeomorphic to (X, E). Let F• := (Fn)n,
F ]• :=
(
F ]n
)
n
, and j : X]0 :=∪nF ]n → X be witnessing the definition of quasi-homeomorphism, and
set
µf,g := j]
(
µ]j∗f,j∗g X
]
0
)
, f, g ∈ F .
Since (X], E]) is regular, it is in particular quasi-regular, thus it admits a compact E-nest.
Therefore, up to the refinement provided by [50, Lem. 3.2], we may and shall assume with no loss
of generality that F ]• is additionally compact and increasing. Up to redefining F• := j(F
]
•), we may
assume that F• too is compact, by (qh1), and increasing. Since µf,g is finite and concentrated
on X0 :=∪nFn, one has limn µf,gFn = µf,gX. Thus, µf,g is tight, and therefore Radon, e.g. [17,
Prop. II.7.2.2(iv) and (iii)]. Since fˆ : X0 → [−∞,∞] is E-quasi-continuous if and only if j∗f : X]0 →
[−∞,∞] is E]-quasi-continuous, [24, Cor. 3.6(iii)], Equation (2.5) for µf,g follows from (qh3)
and (2.5) for µ]j∗f,j∗g.
Assertion (i) is [50, Lem. 5.1]. (ii) is [50, Lem. 5.2(Γ1)]. (iv) is a special case of [50, Lem. 5.2(Γ3)].
(v) is [50, Lem. 5.2(Γ4)]. (iii) is noted (with ∨ in place of ∧) in the proof of [50, Lem. 5.2(Γ5)]
for f, g ∈ F and h = f ∧ g. The extension to the non-symmetric case follows by polarization. (vi)
follows from a consecutive application of (2.10), (2.7), and (2.6). (vii) Equation (2.12) for f = g
is [50, Lem. 5.2(Γ6)]. Let f be constant m-a.e. on G. By (2.7) and (2.12) for f = g,∣∣∣∣∫ 1G vˆ dµf,g∣∣∣∣ ≤
√∫
1G dµf
√∫
vˆ2 dµg = 0 , vˆ ∈ L∞(Bτ ) .
Since µf,g does not charge E-polar sets, we can conclude (2.12) by arbitrariness of vˆ. 
Everywhere in the following, we denote nets by the subscripts α, β, etc..
Lemma 2.9 (Continuity). Let (X, E) be a quasi-regular Dirichlet space, (fα)α ⊂ F be a net so
that F-limα fα = f . Then,
lim
α
µfα h˜ = µf h˜ , h ∈ Fb .
Proof. By definition of µ · , · ,
lim
α
2
∫
h˜dµfα = lim
α
Γfα(h) and Γf (h) = 2
∫
h˜dµf , h ∈ Fb .
Therefore, it suffice to show that limα Γfα(h) = Γf (h), which is a consequence of [44, Lem. 2.4(ii)].
Although the statement there is given in the case when m is a probability measure, the proof
applies verbatim to the case when m is merely σ-finite. Also cf. [12, Lem. 3.3(ii)]. 
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The next lemma is taken from [44, Lem. 2.5]. Although the statement there is given in the case
when m is a probability measure, the proof applies verbatim to the case when m is merely σ-finite.
Lemma 2.10. Let T > 0 and set I :=
(
[0, T ],B[0,T ]
)
. Let ft(x) = f(t, x) be bounded jointly
measurable on I × (X,Σ) and suppose that ft ∈ Fb for each t ∈ I and that∫ T
0
E(ft, ft) dt <∞ .
Letting f¯T := 1T
∫ T
0
ft dt, then, f¯T ∈ Fb and, for every non-negative h ∈ Fb,
Γf¯T (h) ≤
1
T
∫ T
0
Γft(h) dt .
2.4. Broad local spaces. Let (X, E) be a quasi-regular Dirichlet space. We recall the main
properties of ‘local spaces’ as introduced by K. Kuwae in [50, §4]. Following [36, p. 272], we call
these spaces broad local spaces. For E-quasi-open E ⊂ X set
G (E) := {G• := (Gn)n : Gn E-quasi-open, Gn ⊂ Gn+1 E-q.e., ∪n Gn = E E-q.e.} .(2.13)
When E = X we simply write G in place of G (X). For G• ∈ G (E) and A ⊂ L0(m), we say
that f ∈ L0(m E) is in the broad local space A •loc(E,G•) if for every n there exists fn ∈ A so
that fn = f m-a.e. on Gn. The broad local space A •loc(E) of (X, E) relative to E is the space [50,
§4, p. 696],
A •loc(E) :=
⋃
G•∈G (E)
A •loc(E,G•) .(2.14)
The set A •loc(E,G•) depends on G•. We shall comment extensively on this fact in Remark 2.27
below. We omit the specification of E whenever E = X.
Lemma 2.11. For each A ⊂ L0(m), we have (A •loc)•loc = A •loc.
Proof. Let G• ∈ G0 and f• ∈ A •loc be witnessing that f ∈
(
A •loc
)•
loc
. By definition of A •loc, for
each n ∈ N there exist Gn,• ∈ G0 and fn,• ⊂ A witnessing that fn ∈ A •loc. Without loss of
generality, up to substituting Gn,m with Gn,m ∩Gm for every m,n ∈ N, we may and will assume
that Gn,m ⊂ Gm E-q.e. for every m,n. Thus, f ≡ fn ≡ fn,m m-a.e. on Gn,m for every m,n.
Since Fn,• := (clτGn,m)m is an E-nest for each n, arguing similarly to [50, Lem. 3.2] we may
find indices (n(`,m))`∈N, depending on m ∈ N, with n(`,m) ≥ ` for each m, and so that
G′` :=∩mGn(`,m),m satisfies G′• ∈ G0. Thus, finally, since G′` ⊂ Gn(`,`),n(`,`) E-q.e., if we set
f ′` := fn(`,`),n(`,`) ∈ A , the pair (G′•, f ′•) witnesses that f ∈ A •loc. 
By (the proof of) [50, Thm. 4.1(i)],
Fe ⊂ F•loc = (Fb)•loc = (Fe)•loc = (Feb)•loc .(2.15)
On a regular Dirichlet space (X, E) one usually defines the local domain Floc of (E ,F) as the space
of all functions f ∈ L0(m) so that for each relatively compact open G ⊂ X there exists fG ∈ F
with fG = f m-a.e. on G, e.g. [36, p. 130]. In this case, Floc ⊂ F•loc, however the inclusion may be
a strict one.
Proposition 2.12. Let (X, E) be a quasi-regular strongly local Dirichlet space. Then, the quadratic
form µ · : F → M+br(Bτ ,NE) associated to the bilinear form µ · , · in (2.5) uniquely extends to a
non-relabeled form on F•loc with values in M+σ (Bτ ,NE), satisfying:
(i) the representation property
E(f, g) = 12µf,gX , f, g ∈ Fe ;(2.16)
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(ii) the truncation property
(2.17)
f ∧ g ∈ F•loc and µf∧g = 1{f˜≤g˜} µf + 1{f˜>g˜} µg , f, g ∈ F•loc ;
f ∨ g ∈ F•loc and µf∨g = 1{f˜≤g˜} µg + 1{f˜>g˜} µf , f, g ∈ F•loc ;
(iii) the chain rule
(2.18) ϕ ◦ f ∈ F•loc and µϕ◦f = (ϕ′ ◦ f˜)2 · µf , f ∈ F•loc ,
ϕ ∈ C1(R) ,
ϕ(0) = 0
;
(iv) the strong locality property
1G µf = 1G µg , G E-quasi-open , f, g ∈ F•loc , f ≡ g m-a.e. on G .(2.19)
Furthermore, F•loc is an algebra for the pointwise multiplication, and
1 ∈ F•loc , µ1 ≡ 0 .(2.20)
Proof. Let f ∈ F•loc, witnessed by (Gn)n and (fn)n ⊂ F . By strong locality (2.12), 1Gm µfn =
1Gm µfm for every m ≤ n, since Gm ⊂ Gn E-q.e. and µfn does not charge E-polar sets. Thus, the
set function µf : Bτ → [0,+∞] given by µfA := limn µfn(A ∩ Gn), A ∈ Bτ , is well-defined, since
the limit is monotone, and a σ-finite Borel measure, e.g. [62, §I.I.6(d), p. 44]. The measure µf
is independent of the approximating sequence (Gn)n in the obvious way, again by (2.12), cf. the
proof of [50, Lem. 5.3(i)]. This proves the extension of the quadratic form µ · : F →M+br(Bτ ,NE)
to µ · : F•loc →M+σ (Bτ ,NE).
Assertion (i) is [50, Lem. 5.1]. (ii) is an extension of the symmetric case in Theorem 2.8(iii)
to F•loc, consequence of [50, Thm. 4.1(i)]. (iii) is a special case of [50, Lem. 5.2(Γ3), Lem. 5.3(iii)].
(vii) Equation (2.19) for g ≡ 0 is [50, Lem. 5.3(iii)]. Let f, g ∈ F•loc, witnessed by
(
Gfn
)
n
, (Ggn)n
and (fn)n, (gn)n ⊂ F . Up to the refinement provided by [50, Lem. 3.2], we may and shall assume
with no loss of generality that Gn :=Gfn = Ggn for every n ∈ N. Furthermore, by (2.15), we may
and shall assume without loss of generality that (fn)n, (gn)n ⊂ Fb. Since G ∩Gn is E-quasi-open,
by (2.12) with fn − gn in place of both f and g, and with G ∩Gn in place of G, and by (2.7),
(2.21)
0 = 1G∩Gn µfn−gnA = 1G∩Gn µfnA+ 1G∩Gn µgnA− 2 · 1G∩Gn µfn,gnA
≥ ((1G∩Gn µfnA)1/2 − (1G∩Gn µgnA)1/2)2 , A ∈ Bτ ,
and therefore, 1G∩Gn µfn = 1G∩Gn µgn for every n ∈ N. By the definition of µf , µg,
1G 1Gn µf = 1G 1Gn µfn = 1G 1Gn µgn = 1G 1Gn µg ,
and the conclusion follows by arbitrariness of n since X \ ∪nGn is E-polar and both µf and µg
do no charge E-polar sets. In order to show that F•loc is an algebra, let f, g ∈ F•loc, and (Gn)b be
as above. Then, fngn = fg m-a.e. on Gn. Since fn, gn ∈ Fb, then fngn ∈ Fb as well by (2.11),
thus (fngn)n and (Gn)n witness that fg ∈ Floc. Equation (2.20) is [50, Lem. 5.3(i)]. 
Remark 2.13 (Caveat). Despite some claims to this fact in [16, 50, 64] and others, no bilinear
form on F•loc×2 is induced by (µ · ,F•loc) with values in M±σ (Bτ ), by polarization or otherwise. In
order to see this, let (E ,F) be the Dirichlet form associated with the standard Brownian motion
on the real line. It is readily seen that C∞b (R) ⊂ F•loc, and that, for every f, g ∈ C∞b (R) and every
open relatively compact set U ⊂ R, one has 1U µf,g = 12 1U f ′g′Leb1, yet f ′g′Leb1 is generally not
a well-defined extended signed measure on R; e.g. choosing f(x) := sin(x), g(x) := cos(x) one can
verify that µf,gR is not well-defined, since µf,g is not σ-additive.
However, if (X, E) is regular, a bilinear form on µ · , · is induced on F•loc×2 by polarization with
values in the space of real-valued Radon measures on X à la Bourbaki, i.e. in the sense of [21,
§III.1.3, Définition 2, p. 47] or [62, p. 58]. In particular, the set function µ · , · constructed in this
way is not defined on the whole of Bτ , and is merely a σ-additive functional on the algebra of
relatively compact Borel sets, cf. [62, p. 57].
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The next lemma is an adaptation to our setting of [34, Lem. 3.7].
Lemma 2.14. Let (X, E) be a quasi-regular strongly local Dirichlet space. Further let f ∈ L∞(m)•loc
be so that fr :=−r ∨ f ∧ r ∈ F•loc for every r > 0, and assume there exists a measure µ on (X,Bτ )
so that µfr ≤ µ for every r > 0. Then, f ∈ F•loc and µf = limr→∞µfr ≤ µ.
Proof. Let G• ∈ G and f• ⊂ L∞(m) be witnessing that f ∈ L∞(m)•loc. Then fn = frn m-a.e.
on Gn for some rn > 0. Since frn ∈ F•loc by assumption, G• and (frn)n witness that f ∈
(F•loc)•loc,
and thus f ∈ F•loc by Lemma 2.11. By (2.17), µfr = 1{−r<f˜≤r} µf , whence the conclusion letting r
to ∞, again since f˜ is E-q.e. finite. 
Lemma 2.15. Let (X, E) be a Dirichlet space satisfying (qr1). Then, C(τ) ⊂ L∞(m)•loc.
Proof. Let (Fn)n be a compact E-nest, and note that (intE Fn)n ∈ G by Lemma 2.7. Further
let f ∈ C(τ) and note that f is bounded on Fn, hence m-a.e. on Gn, for each n by τ -continuity
and by τ -compactness of Fn. 
2.5. Dominance, moderance, and smoothness. As shown in Example 2.34 below, it can
happen that dm = 0. For this reason, one extends the definition (1.1) of the intrinsic distance dm
to that (1.1) of dµ. We introduce some classes of measures on (X,Bτ ), in particular that of
E-dominant E-moderate measures, for which the definition of dµ is meaningful and interesting.
2.5.1. Dominance. We say that an energy space (X, E) admits carré du champ if µf  m for
every f ∈ F , in which case E(f, g) = 12
∫
Γ(f, g) dm where Γ: F×2 → L1(m) is the carré du champ
operator Γ: (f, g) 7→ dµf,gdm . The potential lack of carré du champ operator partly motivates the
next definition, introduced by M. Hino, [43, Dfn. 2.1] on regular Dirichlet spaces.
Definition 2.16 (E-dominance). Let (X, E) be a quasi-regular strongly local Dirichlet space. A
σ-finite measure µ on (X,Bτ ) is:
• E-dominant, if µf  µ for every f ∈ F ;
• minimal E-dominant, if µ is E-dominant and µ ν for every E-dominant ν.
We denote by Fdom the set of functions f ∈ F so that µf is minimal E-dominant.
It is readily verified that, if (E ,F) admits carré du champ operator, then m is minimal E-
dominant. In general however, m may be singular with respect to any E-dominant measure µ, as
shown by the next example.
Example 2.17 (Sierpiński gaskets). The Dirichlet form (E ,F) associated with the Brownian motion
on the standard Sierpiński gasket was constructed by S. Kusuoka, also cf. Goldstein [40] for a
different construction of the process. In the notation of [48], the measure µ˜ constructed there is
(minimal) E-dominant, and singular w.r.t. the reference measure ν˜.
Let us start by showing that Fdom is non-empty.
Proposition 2.18. Let (X, E) be a quasi-regular strongly local Dirichlet space. Then,
(i) Fdom is dense in F ;
(ii) every minimal E-dominant µ does not charge E-polar sets.
Proof. (i) If (X, E) is regular, the statement is [43, Prop. 2.7]. For an arbitrary Dirichlet space (X, E)
let j : (X, E)→ (X], E]) be a quasi-homeomorphism to a regular Dirichlet space (X], E]), and (Fn)n,(
F ]n
)
n
be nests witnessing the quasi-homeomorphism property (qh1) of j. Set X0 :=∪nFn and
recall that
µj∗f],j∗g]A :=µ
]
f],g]
j(A ∩X0) , A ∈ Bτ , f ], g] ∈ F ] .
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Let X] := j(X0) = ∪nF ]n and note that X] \ X]0 is E]-polar. Since µ]f],g] ∈ M+b (Bτ] ,NE])
does not charge E]-polar sets, we have that µf,g = (j−1)]µ]j−1∗f,j−1∗g X]0 as measures on X0,
where j−1 denotes the inverse of j defined on X]0. Since the push-forward of measures preserves
absolute continuity, µj∗f] is minimal E-dominant if and only if µ]f] is minimal E]-dominant. In
particular, Fdom = j∗F ]dom as a consequence of the isomorphism (qh3).
(ii) Let µ be minimal E-dominant. By definition, µ  µf for every f ∈ Fdom. The conclusion
follows since µf does not charge E-polar sets. 
2.5.2. Moderance. Let (X, τ) be a paracompact completely regular Hausdorff space, and κ ⊂ Bτ
be any family of Borel subsets of X. We say that a Borel measure µ on (X, τ) is κ-moderate if there
exists a µ-negligible set N ⊂ X and a countable cover (An)n ⊂ κ of X \N so that µAn <∞. As
usual, if κ is closed under finite unions, we may arrange so that (An)n be increasing. When κ = Bτ ,
the definition of κ-moderance reduces to that of σ-finiteness. When κ = τ , it is standard to say
that µ is moderate, cf. e.g. [20, §IX.1.9, Définition 12, p. 21].
A sequence of functions (ϕn)n is an algebraic approximation to the identity if
0 ≤ ϕn ≤ ϕn+1 ↗n 1 , (ϕn)n ⊂ Cb(τ) ,
in which case limn fϕn = f for every f ∈ Cb(τ). Up to relabeling ϕn by nϕn∧1 and possibly passing
to a subsequence, we may and shall assume with no loss of generality that Un := intτ {ϕn = 1} 6= ∅
defines an open covering of (X, τ).
Analogously, a sequence of functions (ψn)n is a latticial approximation to the identity if
0 ≤ ψn ≤ ψn+1 ↗n ∞ , (ψn)n ⊂ Cb(τ) ,
in which case limn(−ψn) ∨ (f ∧ ψn) = f for every f ∈ Cb(τ). Up to relabeling ψn by ψn ∧
n and possibly passing to a subsequence, we may and shall assume with no loss of generality
that Vn := intτ {ψn = n} 6= ∅ defines an open covering of (X, τ) and ψn ≤ n for every n ∈ N.
In this way, a bijective correspondence between algebraic and latticial approximations to the
identity is induced by letting ψn :=nϕn. As a consequence of paracompactness, the following are
equivalent:
(a) µ is moderate;
(b) there exists an algebraic approximation to the identity (ϕn)n so that µϕn <∞ for every n;
(c) there exists a latticial approximation to the identity (ψn)n so that µψn <∞ for every n.
This suggests that moderance may be expressed in terms of a family K of real-valued functions
on X, rather than of a family κ of subsets of X. Informally, µ is ‘moderate’ if the elements of K
may be ‘localized’ to sets of finite µ-measure by approximations to the identity. Different notions
of moderance may arise depending on the chosen localization procedure; for instance, if K is
endowed with additional structure, e.g., if it is an algebra, as Cb(τ) in (b), or a lattice, as Cb(τ)
in (c).
Energy moderance. Further abstracting away from families of sets, an analogous concept of
moderance may be given for functionals on K more general than µ-integration. This is usually
the case in describing local Dirichlet spaces, where several notions of moderance naturally appear.
Before discussing the literature, let us give some precise definitions.
Definition 2.19. Let (X, E) be a quasi-regular Dirichlet space. A countable family of Borel sets
A• := (An)n is E-moderate if for every n there exists en ∈ F so that e˜n = 1 m-a.e. on An.
Remark 2.20. Definition 2.19 is modeled after [12]: An E-moderate Borel E-nest is but a ‘nest ’
in the sense of [12, Dfn. 2.1]. If a family of Borel sets A• is E-moderate, we may take en ∈ Fb
so that 0 ≤ e˜n ≤ 1 without loss of generality, by the Markov property of E , [12, Rmk. 2.2], and
additionally so that e˜n = 1 E-q.e. on An. As a consequence of the quasi-regularity of (X, E), in
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the language of Choquet capacities, A• is E-moderate if and only if each An has finite E1-capacity,
cf. [36, Thm. 2.1.5].
For an E-quasi-open E ⊂ X, write
(2.22)
G0(E) := {G• ∈ G (E) : G• is E-moderate} ,
Gc(E) := {G• ∈ G0(E) : clτGn is τ -compact for all n} .
For G• ∈ G0(E), we write e• := (en)n for any sequence of functions witnessing the E-moderance
of G•. When the sequence e• is relevant, we write as well (G•, e•) ∈ G0(E). As usual, we omit the
specification of E = X. Since 1 ∈ F•loc by (2.20), then G0 6= ∅. Clearly, Gc ⊂ G0 ( G as in (2.13),
cf. [50, Lem. 3.5(iii)]. On the other hand, since E-moderance (resp. compactness) is hereditary
(resp. hereditary w.r.t. closed sets), both G0 and Gc are ∩-ideals of G , i.e. if G∗,• ∈ G∗ and G• ∈ G ,
then G′• := (G∗,n ∩Gn)n satisfies G′• ∈ G∗ for ∗ = 0 or c. In particular, we have the following.
Lemma 2.21. Let (X, E) be a quasi-regular Dirichlet space. Then, for every G• ∈ G there ex-
ists Gc,• ∈ Gc so that F•loc(G•) = F•loc(Gc,•).
Proof. Let G• ∈ G and f ∈ F•loc(G•) be witnessed by f•. Further let G′• ∈ G0 be witnessing
that 1 ∈ F•loc, and F• be a τ -compact increasing E-nest given by (qr1). We have that G′′n := intE Fn
is E-q.e. increasing in n and E-quasi-open. Furthermore, X = ∪nG′′n E-q.e. by Lemma 2.7, thus
G′′• := (G
′′
n)n ∈ G . Set Gc,n :=Gn∩G′n∩G′′n. It is readily verified that Gc,• ∈ Gc. Furthermore, fn =
f m-a.e. on Gc,n and so f• witnesses that f ∈ F•loc(Gc,•) as well. 
As a consequence of the previous lemma, Gc 6= ∅, and
F•loc =
⋃
G•∈Gc
F•loc(G•) .(2.23)
A minimal E-dominant measure µ may not be moderate in any reasonable sense, despite its
minimality. In order to ensure the existence of sufficiently many µ-integrable functions of interest,
we shall need the following definition.
Definition 2.22 (E-moderance). Let (X, E) be a quasi-regular Dirichlet space. For a measure µ ∈
M+σ (Bτ ,NE) we say that (G•, e•) ∈ G0 is µ-moderated if e• is additionally so that µe˜n < ∞ for
every n. We say that µ is:
• E-moderate if there exists a µ-moderated G• ∈ G0;
• absolutely E-moderate if for every G• ∈ G0 there exists e• so that (G•, e•) is µ-moderated.
We denote byM (resp.M0) the space of all (absolutely) E-moderate measures.
Since E-moderate measures do not charge E-polar sets by definition, then µ(X \ ∪nGn) = 0
for every G• := (Gn)n ∈ G . Therefore, E-moderate measures are κ-moderate for the family κ of
E-quasi-open subsets of X, which motivates the terminology. If (G•, e•) is µ-moderated, then
e• is an algebraic approximation to the identity in the E-q.e. sense — analogously to the purely
topological case discussed in the previous paragraph. The absolute E-moderance of m is implicit in
the definition of G0: if (G•, e•) ∈ G0, then (G•, e2•) is m-moderated. Finally, since 2µf h˜ = Γf (h)
is finite for every f, h ∈ Fb, by Proposition 2.18 there exist (plenty of) E-moderate minimal E-
dominant (Radon) measures, which makes the definition non-void.
2.5.3. Smoothness. Let us compare E-moderance with the following well-known definition.
Definition 2.23. Let (X, E) be a quasi-regular Dirichlet space. A measure µ ∈M+σ (Bτ ,NE) is:
• of finite E-energy integral if there exists a constant c > 0 so that, for any E-quasi-continuous
m-representative u˜ of u,∫
|u˜|dµ ≤ c
√
E1(u) , u ∈ F ;(2.24)
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• E-smooth if there exists a compact E-nest F• so that µFn <∞ for every n.
We denote by S0, resp. S, the space of all measures of finite E-energy integral, resp. E-smooth
measures.
The above definition of ‘measure of finite E-integral’ is taken from [29, Dfn. 1]. The fact that µ
does not charge E-polar sets is in fact a consequence of (2.24) rather than part of the definition;
cf. [36, Lem. 2.2.3, p. 79] in the regular case. Contrary to the definition for regular Dirichlet
spaces [36, p. 77], one does not require a measure of finite E-energy integral to be Radon. The above
definition of ‘E-smooth measure’ is taken from [60, Dfn. 2.2] or [29, Dfn. 2]. It coincides with the
more standard definition [53, p. 123] on any Dirichlet space satisfying (qr1). It is a standard result
in the theory that E-smooth measures are in one-to-one correspondence with positive continuous
additive functionals on the Dirichlet space (E ,F), e.g. [53, §VI.2 and Thm. VI.2.4].
For every E-smooth µ, a quadratic form (Eµ,Fµ) is induced on X by setting
Fµ :={f ∈ F : f˜ ∈ L2(µ)} , Eµ(f, g) := E(f, g) + ∫ f˜ g˜ dµ .(2.25)
The form (Eµ,Fµ) is in fact a Dirichlet form, called the µ-perturbation of (E ,F), and, if (X, E) is a
quasi-regular strongly local Dirichlet space, then (X, Eµ) is so as well, for every E-smooth µ, e.g. [60,
Prop. 2.3]. By definition of Fµ, there is a natural embedding Fµ ↪→ F and therefore (Fµ)•loc ↪→
F•loc.
Proposition 2.24. Let (X, E) be a quasi-regular Dirichlet space. Then,
M0 ⊂ M
S0
∪
⊂ S
∪ .
Proof. The inclusion S0 ⊂ M0 is straightforward, while M0 ⊂ M holds by definition. The
inclusion S0 ⊂ S is standard in the regular case, e.g. [36, p. 84]; see [29] for the quasi-regular case.
In order to show that S ⊂ M, let µ ∈ S. Since (E ,F) is quasi-regular, the µ-perturbed form
(Eµ,Fµ) in (2.25) is quasi-regular as well, and for any sequence F• of τ -closed sets,
F• is an E-nest if and only if F• is an Eµ-nest ,(2.26)
see the proof of [53, Prop. 2.3], also cf. [53, Lem. IV.4.5] for the regular case. It follows that the
family G µ as in (2.13) relative to (Eµ,Fµ) is in fact independent of µ ∈M.
By [50, Lem. 3.5(iii)], there exists G′• ∈ G and a sequence of functions e˜µn ∈ Fµ satisfying 0 ≤
e˜µn ≤ 1 and e˜µn = 1 Eµ-q.e. on G′n. Setting F ′n := clτG′n, we have that F ′• is an Eµ-nest, since G′• ∈ G .
Let G µ0 be defined as in (2.22) with Eµ in place of E . Since (qr1) holds for (Eµ,Fµ), by [50,
Lem. 3.2] there exists a compact Eµ-nest F• refining F ′•. Thus, by Lemma 2.7, Gn := intE Fn
satisfies (G•, e˜
µ
• ) ∈ G µ0 , and G• ∈ G . In fact, since Fµ ↪→ F , we additionally have that G• ∈ G0.
The proof is concluded if we show that (G•, e˜
µ
• ) is µ-moderated. Up to possibly replacing e˜µ• by
its square, we have µe˜µn <∞, since Fµ ⊂ L2(µ) by definition. 
Let us note that many inclusions in Proposition 2.24 trivialize if one further assumes the involved
measures to be Radon. In particular, it is clear from the proof that every E-moderate Radon
measure is E-smooth. For examples of non-Radon E-smooth measures, see Example 2.33 below.
2.6. Intrinsic distances. In this section we introduce the generalized intrinsic distance induced
by a Borel measure µ. We start with the definition of local domains of functions with µ-bounded
energy measure.
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2.6.1. Local domains of bounded-energy. Let (X, E) be a quasi-regular strongly local Dirichlet space,
and µ ∈M+σ (Bτ ,NE). For E-quasi-open E ⊂ X and any G• ∈ G0(E), set
Lµloc(E,G•) := {f ∈ F•loc(E,G•) : µf ≤ µ} , Lµloc(E) :=
{
f ∈ F•loc(E) : µf ≤ µ
}
,
Lµ(E) :=Lµloc(E) ∩ F , Lµ,τloc (E) :=Lµloc(E) ∩ C(E, τ) , Lµ,τ (E) :=Lµ,τloc (E) ∩ F .
As usual, we omit E from the notation whenever E = X.
The next results are an adaptation to our setting of [12, Lem. 3.8, Prop. 3.9].
Lemma 2.25. Let (X, E) be a quasi-regular strongly local Dirichlet space, and µ ∈M+σ (Bτ ,NE).
Further let G• ∈ G0, and fix f ∈ Lµloc,b(G•) and g ∈ Fb with g˜ ∈ L2(µ). Then fg ∈ F and
‖fg‖F ≤
√
2 ‖f‖L∞(m) ‖g‖F + ‖g˜‖L2(µ).
Proof. Let (fn)n be witnessing that f ∈ Lµloc,b(G•), and note that we may take |fn| ≤ ‖f‖L∞(m)
without loss of generality. By (2.10),
(2.27)
2 E(fng) ≤
∫
g˜2 dµfn +
∫
f˜2n dµg ≤ ‖g˜‖2L2(µ) + 2 ‖f‖2L∞(m) E(g) ,
‖fng‖L2(m) ≤‖f‖L∞(m) ‖g‖L2(m) .
In particular, supn ‖fng‖F <∞. Since additionally m-a.e.-limn fng = fg, then L2(m)-limn fng =
fg by Dominated Convergence, with dominating function ‖f‖L∞(m) g. Thus fg ∈ F by [53,
Lem. I.2.12], and
‖fg‖2F ≤ lim infn ‖fng‖
2
F ≤ 12 ‖g˜‖2L2(µ) + ‖f‖2L∞(m) E(g) + ‖f‖2L∞(m) ‖g‖2L2(m)
by (2.27), whence the conclusion follows. 
We are now ready to show that Lµloc,b(G•) does not, in fact, depend on G•.
Proposition 2.26. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈M+σ (Bτ ,NE).
Then, for any pair of µ-moderated G•, G′• ∈ G0,
Lµloc,b(G•) = L
µ
loc,b(G
′
•) .
Proof. Let f ∈ Lµloc,b(G′•). It suffices to show that f ∈ Lµloc,b(G•). To this end, let e• := (en)n ⊂ Fb
be witnessing that G• is µ-moderated, and set fn := f · e2n. Note that e2n ∈ L1(m) ∩ L∞(m), and
therefore e2n ∈ L2(m) for all n. Since fn ∈ F by Lemma 2.25, and since f = fn m-a.e. on Gn by
definition, then f ∈ F•loc(G•), and the conclusion follows. 
Remark 2.27. The independence of Lµloc,b(G•) on G• is a feature of the subspace of bounded func-
tions in the local domain of bounded energy. In general, Lµloc(G•) does depend on G•, as shown
by [12, Ex. 2.9(iii)].
Definition 2.28. Let µ ∈ M+σ (Bτ ,NE). The intrinsic distance generated by µ is the extended
pseudo-distance dµ : X×2 → [0,∞] defined as
dµ(x, y) := sup
{
f(x)− f(y) : f ∈ Lµ,τloc,b
}
.(2.28)
Note that dµ is always τ×2-l.s.c., hence Bτ×2- and Σ⊗2-measurable, for it is the supremum of a
family of τ -continuous functions. Furthermore, dµ is τ -admissible by definition.
Remark 2.29. Intrinsic distances are occasionally defined by means of a family C of continuous
functions, satisfying the symmetry condition −C ⊂ C, see e.g. [30, 49]. Whereas we do not explicitly
allow for such generality, all of the results in the following remain valid by further assuming, when
appropriate, any of the following: (a) C separates points in X; (b) C is a (∨,∧)-lattice; (c) C is an
algebra.
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By lower semi-continuity, cldµA ⊂ clτA for every A ∈ X, yet the inclusion may be a strict
one, even when dµ is an extended distance (as opposed to: extended pseudo-distance). If dµ is
an extended distance, then (X, dµ ∧ r) is a metric space for every r > 0, yet in general it is
not separable. Thus, possibly, dµ( · , A) < infn d( · , yn) for every countable family (yn)n ⊂ A.
Finally, dµ( · , A) need not be Bτ -measurable, even if A ∈ Bτ . In the following, this fact motivates
the use of nets in place of sequences.
Caveat: The Monotone and Dominated Convergence Theorems do not hold for nets of functions
in L2(m), even if the net is bounded and consisting of continuous compactly supported functions.
A substitute is provided by the next lemma.
Lemma 2.30 ([62, §I.6(b), Prop. 5, p. 42]). Let X be satisfying (sp1), and additionally be so that m
is Radon. Then, (a) if (fα)α is an upwards-directed family of non-negative τ -l.s.c. functions, then,
there exists m(supα fα) = supαmfα; and (b) if (fα)α is a downwards-directed family of non-negative
τ -u.s.c. functions so that mfα <∞ for some α, then there exists m(infα fα) = infαmfα.
As a consequence of Proposition 2.26, our definition (2.28) of intrinsic distance generalizes the
standard notions, in particular [64, Eqn. (1.3)] for strongly local regular Dirichlet spaces, as we
now show.
Proposition 2.31 (Cf. [12, Rmk. 2.8]). Let (X, E) be a regular strongly local Dirichlet space
admitting carré du champ operator. Then
(2.29)
dm(x, y) = sup {f(x)− f(y) : f ∈ Floc ∩ Cb(τ) , Γ(f) ≤ 1}
= sup {f(x)− f(y) : f ∈ Floc ∩ C(τ) , Γ(f) ≤ 1} .
Proof. Since m is absolutely E-moderate, then
Lm,τloc,b = {f ∈ F•loc(G•) ∩ Cb(τ) : µf ≤ m}(2.30)
for any fixed G• ∈ G0 by Proposition 2.26. Since (X, τ) is locally compact Polish and m is Radon,
there exists an open relatively compact G′• ∈ Gc, and thus F•loc(G′•) = Floc. Together with (2.30),
this shows the first equality in (2.29). The second is a straightforward consequence of the Markov
property of (E ,F). 
The above proposition clarifies that our definition of intrinsic distance coincides with the usual
one in all classical settings, including on Riemannian manifolds, as detailed in the next example.
Example 2.32 (Riemannian manifolds). Let (M, g) be any smooth connected Riemannian manifold,
and define the — regular strongly local — canonical Dirichlet form (E ,F) of (M, g) as the closure
of the pre-Dirichlet form
E(ϕ,ψ) :=
∫
M
g(dϕ,dψ) dvolg , ϕ, ψ ∈ C∞0 (M) ,
see e.g. [3, Thm. 4.2]. Then,
dvolg (x, y) = sup {f(x)− f(y) : f ∈ Floc ∩ Cb(M) , g(df, df) ≤ 1 volg-a.e.}
= sup
{
f(x)− f(y) : f ∈ C1b (M) , g(df, df) ≤ 1
}
= sup {f(x)− f(y) : f ∈ C∞b (M) , g(df, df) ≤ 1}(2.31)
and, if (M, dg) is additionally complete, then it holds as well that
dvolg (x, y) = dg(x, y) := inf
{
`(γ) : γ ∈ C1([0, 1],M) , γ0 = x, γ1 = y
}
.(2.32)
Indeed: the first equality holds by Proposition 2.31, the third equality is straightforward, the
second equality is claimed in [67, Rmk. 3, p. 1859]. A proof can be adapted from that of the same
statement for Alexandrov spaces, in [51, Thm. 7.1]. If dg is complete, then the equality of (2.31)
and (2.32) is standard, e.g. [56, p. 151, Ex. 17]. Despite a claim to this fact in [67, §5.1.1 Prop. 3],
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the latter equality may not hold if dg is not complete. Indeed, [67, §5.1.1 Prop. 3] relies on [67,
§2.1.2 Prop. 2] — i.e. the equality ρ = ρ˜ right before [26, Lem. 3.4] — which holds under the
completeness assumption in [26, Ass. (1.13) ii)].
If (X, E) is a quasi-regular strongly local Dirichlet space, the case µ = m is singled out as giving
important information about the associated diffusion process. However, it is possible that dm is
identically vanishing. Let X be satisfying (sp1). In the next example, we say that a measure µ
on (X,Bτ ) is nowhere-Radon if µU =∞ for every non-empty open U ⊂ X.
Example 2.33 (Singular perturbations). In [5], S. Albeverio and Z.-M. Ma construct a very large
class of quasi-regular perturbations of Dirichlet forms by nowhere-Radon measure. The domain
of any such form contains no continuous function but the zero function, and thus dm vanishes
identically.
In particular, let (X, E) be a regular strongly local Dirichlet space and assume that each singleton
in X is E-polar. In this case, for each E-smooth µ, we may find an E-smooth (infinite) measure ν
on (X,Bτ ), equivalent to µ and additionally nowhere Radon, [53, Thm. IV.4.7].
Example 2.34 (Liouville Brownian motion). In [37], C. Garban, R. Rhodes, and V. Vargas construct
the regular strongly local Dirichlet form (E ,F) associated to the Liouville Brownian motion on a
simply connected domain D ⊂ R2, [37, Thm. 1.7]. The form, defined on the L2-space of the Liou-
ville quantum gravity measure M on D, has identically vanishing intrinsic distance dm := dM , [37,
Prop. 3.1]. On the other hand, letting µ := Leb2 D, the intrinsic distance dµ satisfies
dµ(x, y) = sup
{
f(x)− f(y) : f ∈ F , |∇f |2 ≤ 1 µ-a.e.
}
≥ sup
{
f(x)− f(y) : f ∈ C∞b (D) , |∇f |2 ≤ 1
}
= |x− y| ,
and is therefore non-trivial.
The following is a corollary of Lemma 2.10.
Corollary 2.35. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈ M+σ (Bτ ,NE).
Then, Lµ,τb and L
µ
b are convex.
Lemma 2.36. Let (X, E) be a quasi-regular strongly local Dirichlet space, and µ ∈ M+σ (Bτ ,NE)
be E-moderate. Further let (fα)α ⊂ (F•loc)b be so that (i) supα ‖fα‖L∞(m) ≤ r for some r > 0; (ii)
(fα)α ⊂ Lµloc,b; (iii) there exists f ∈ L∞(m) so that fα → f weakly* in L∞(m). Then, f ∈ Lµloc,b.
Proof. The statement is well-posed by Proposition 2.18(ii) since µ ∈M+σ (Bτ ,NE). Since 1 ∈ F•loc
and µ1 ≡ 0 by (2.20), we may and shall assume with no loss of generality that fα ≥ 0 for
every α. Further note that we may arrange so that an E-quasi-continuous representative f˜α of fα
satisfies 0 ≤ f˜α ≤ r for every α.
Step 1. Let (G•, e•) ∈ G0 be µ-moderated, and fix n ∈ N. By assumption (fα)α converges
to f weakly* in L∞(m), thus (enfα)α converges weakly* in L
2(m) to enf . Reasoning as in (2.27)
with fα in place of fn and en in place of g, one has supα E1/21 (enfα) < ∞ and so (enfα)α has
a (non-relabeled) subnet weakly* convergent in F . Since ‖ · ‖L2(m) ≤ ‖ · ‖F , the subnet (enfα)α
converges weakly* in L2(m), and so it converges to the weak* limit enf of the net (enfα)α. Since
the subnet was arbitrary, in fact the net (enfα)α converges weakly* in F to enf . Since n ∈ N was
arbitrary, f ∈ F•loc.
Step 2. Fix again n ∈ N and note that e2n ∈ Fb, since the latter is an algebra, and that e˜2n ∈ L2(µ)
by interpolation, since e˜n ∈ L2(µ) ∩ L∞(µ). Repeat verbatim the reasoning in Step 1 with e2n in
place of en to conclude that
(
e2nfα
)
α
converges weakly in F to e2nf for every n ∈ N. Since every
norm-closed convex subset of a Hilbert space is weakly closed, e2nf ∈ clFconv
{
e2nfα
}
α
. Therefore,
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there exists (gm)m so that each gm is a convex combination of finitely many elements of
{
e2nfα
}
α
and F-limm gm = e2nf . Again by the Leibniz rule (2.10), for arbitrary α,
µen·enfα =e˜
2
n µenfα + e˜
2
nf˜
2
α µen + 2 · e˜2n f˜α µen,enfα ,
1Gn µen·enfα =1Gn e˜
2
n µenfα + 1Gn e˜
2
n f˜
2
α µen + 2 · 1Gn e˜2n f˜α µen,enfα = 1Gn µfα ,
where the last equality holds by strong locality (2.19), since e˜n is constant E-q.e. on the E-quasi-
open set Gn. Thus, 1Gn µe2nfα ≤ 1Gn µ. By convexity of · 7→ µ · on F , the same holds for gm in
place of e2nfα, that is
1Gn µgm ≤ 1Gn µ , m ∈ N .(2.33)
Step 3. Let V be E-quasi-open with V ⊂ Gn E-q.e., and F be E-quasi-closed with F ⊂ V E-q.e..
By [50, Lem 3.5(i)] there exists a sequence (vk)k ⊂ Fb so that 0 ≤ v˜k ≤ v˜k+1 ≤ 1 E-q.e., limk v˜k = 1
E-q.e. on F , and v˜k = 0 E-q.e. on V c for every k ∈ N. Set vˆ := supk v˜k, satisfying 0 ≤ vˆ ≤ 1 E-q.e.,
and vˆ = 0 E-q.e. on V c. Since v˜k ≤ 1Gn E-q.e., it follows from (2.33) that∫
v˜k dµgm ≤
∫
v˜k dµ , k,m ∈ N .
By Lemma 2.9, we may take the limit as m→∞, to obtain∫
v˜k dµe2nf ≤
∫
v˜kµ , k ∈ N ,
and, by Monotone Convergence, the limit as k →∞, to obtain∫
V
vˆ dµe2nf ≤
∫
V
vˆ dµ , n ∈ N ,
hence conclude from the properties of vˆ that
µe2nfF ≤
∫
V
vˆ dµe2nf ≤ µF +
∫
V \F
vˆ dµ ≤ µF + µ(V \ F ) , n ∈ N .(2.34)
Since G• is µ-moderated, µGn is finite for every n ∈ N. In particular, the measures 1Gn µ
and 1Gn µe2nf are totally finite measures. Since (X, τ) is strongly Lindelöf, Gn is strongly Lindelöf
as well, and therefore perfectly normal, [32, Ex. 3.8A(c), p. 194]. In particular, Gn is hereditar-
ily Lindelöf and regular Hausdorff, thus both 1Gn µ and 1Gn µe2nf are inner regular w.r.t. closed
sets by [17, Prop. II.7.2.2(iv) and (i)], and a fortiori inner regular w.r.t. E-quasi-closed sets. By
arbitrariness of F , and since V ⊂ Gn E-q.e., we conclude from (2.34) that
1Gn µe2nfV ≤ 1Gn µV , V ⊂ Gn E-q.e. , V E-quasi-open , n ∈ N .
By strong locality (2.19),
1Gn µfV = 1Gn µe2nfV ≤ 1Gn µV , V ⊂ Gn E-q.e. , V E-quasi-open , n ∈ N .(2.35)
Since both 1Gn µf and 1Gn µ are finite Borel measures, and since the family of E-quasi-open
subsets V of Gn is closed with respect to finite intersections and generates the Borel σ-algebra
on Gn, the inequality (2.35) suffices to establish that 1Gn µf ≤ 1Gn µ for every n ∈ N by a
standard monotone class argument, e.g. [17, Lem. I.1.9.4]. Finally, let A ∈ Bτ . Since both µf
and µ do not charge E-polar sets, it follows from the monotonicity of both measures along the
nested countable family A ∩Gn that
µfA = lim
n
1Gn µfA ≤ lim
n
1Gn µA = µA , A ∈ Bτ ,
which concludes the proof. 
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Remark 2.37. Suppose (fn)n ⊂ L∞(m) with supn ‖fn‖L∞(m) ≤ r for some r > 0. Further let f ∈
L∞(m), and assume that m-a.e.-limn fn = f . Then, limn fn = f weakly* in L∞(m). Indeed,
for every g ∈ L1(m) we have limnm(fng) = m(fg) by Dominated Convergence with dominating
function rg ∈ L1(m).
2.6.2. Invariance vs. accessibility. In the next sections we will thoroughly discuss the following
Question. Given A ⊂ X, when is dµ( · , A) an element of Lµloc,b ?
Here, we relate an affirmative answer to the property of E-invariance.
Definition 2.38 (E-invariance). Let (X, E) be a Dirichlet space. A set A ∈ Σ is E-invariant if
Tt(1A f) = 1A Ttf , f ∈ L2(m) .
The following characterization of E-invariance is standard. See [36, Thm. 1.6.1 and Cor. 4.6.3]
for the regular case. The quasi-regular case follows by the transfer method.
Proposition 2.39. Let (X, E) be a quasi-regular strongly local Dirichlet space, and A ∈ Bτ . Then,
the following are equivalent:
(a) A is E-invariant;
(b) Ac is E-invariant;
(c) 1A f ∈ F and E(f) = E(1A f) + E(1Ac f) for every f ∈ F ;
(d) 1A ∈ Fe and E(f) = E(1A f) + E(1Ac f) for every f ∈ Fe;
(e) there exists A˜ ⊂ X so that m(A4A˜) = 0 and A˜ is E-quasi-clopen.
Proposition 2.40. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈ M+σ (Bτ ),
and A = Bdµ∞ (x0) be the dµ-accessible component of x0 for some x0 ∈ X. Then, the following are
equivalent:
(a) A is E-invariant;
(b) ρˆA : y 7→ dµ(y,A) ∧ 1 satisfies ρˆA ∈ Lµloc,b.
Proof. Since dµ is τ -l.s.c., dµ-accessibility components are Bτ -measurable, and the statement is
well-posed. Further note that ρˆA = 1Ac . Assume (a). Then ρA = 1Ac ∈ Fe and E(ρA) = 0.
In particular, µρA = 0 by (2.16), and therefore ρˆA ∈ Lµloc,b. Assume (b). Since ρA ∈ Lµloc,b,
it admits an E-quasi-continuous representative ρ˜A. By E-quasi-continuity, A˜ := ρ˜−1A
(
(−1, 1)) =
ρ˜−1A ({0}) is E-quasi-clopen. Since ρ˜A = ρˆA m-a.e., m(A˜4A) = 0, and therefore A is E-invaraint by
Proposition 2.39. 
For an extended pseudo-distance d on X, d-accessible components may range within the two
extrema, there being spaces all of which d-accessible components are m-negligible. A meaningful
example is as follows.
Example 2.41 (Configuration spaces I). Let Υ(Rd) denote the configuration space over Rd, endowed
with the vague topology, the induced Borel σ-algebra, and the Poisson measure pid with intensity
the Lebesgue measure on Rd. Since Υ(Rd) is Polish, the probability measure pid is Radon. The
canonical Dirichlet form (E ,F) on L2(Υ(Rd)) is the quasi-regular strongly local Dirichlet form
constructed in [4]. It was shown in [59, Thm. 1.5(ii)] that the intrinsic distance dpid coincides with
the L2-transportation extended distance W2. It is not difficult to show, by translation-invariance
of the Lebesgue measure and standard properties of Poisson measures, that all W2-accessible
components are pid-negligible. In particular, for any such component A, W2( · , A) ≡ 1 pid-a.e..
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3. The Rademacher property
Let us introduce the first property of our interest. Write
Lip1(d) :=
{
fˆ ∈ Lip(d) : Ld(fˆ) ≤ 1
}
.
Definition 3.1 (Rademacher). Let X be satisfying (sp2), (X, E) be a strongly local Dirichlet space,
µ ∈M+σ (Bτ ), and d : X×2 → [0,∞] be an extended pseudo-distance on X. We say that (X, E , d, µ)
has:
• the Rademacher property if
fˆ ∈ Lip1(d,Σ) , f ∈ L∞(m)•loc =⇒ f ∈ Lµloc ;(Radd,µ)
• the bounded-support Rademacher property if
fˆ ∈ Lip1(d,Σ) , f ∈ L∞(m)•loc , supp[f ] d-bounded =⇒ f ∈ Lµloc ;(Radbsd,µ)
• the distance-Rademacher property if
d ≤ dµ .(d-Radµ)
It will be apparent from the proof of Theorem 3.8 that we might equivalently define
fˆ ∈ Lip1b(d,Σ) =⇒ f ∈ Lµloc,b .(Radbd,µ)
Remark 3.2. The bounded-support Rademacher property is introduced for comparison with [11].
It is clear that (Radd,µ) implies (Radbsd,µ). The converse implication does not hold in general.
Furthermore (Radbsd,µ) might be trivial, even if (Radd,µ) is not. Example 3.15 below provides
a quadruple (X, E , dm,m) on which every dm-Lipschitz function with bounded support is Bmτ -
measurable and coincides m-a.e. with the 0-function, so that (Radbsd,µ) trivially holds.
We postpone a proof of the next proposition until later in this section.
Proposition 3.3. Let X be satisfying (sp2), (X, E) be a strongly local Dirichlet space, µ ∈M+σ (Bτ ),
and d : X×2 → [0,∞] be a τ -continuous extended pseudo-distance on X. If (X, E , d, µ) satis-
fies (Radbsd,µ), then it satisfies (Radd,µ).
The interplay between (Radd,µ) and (d-Radµ) is discussed in the next lemma.
Lemma 3.4. Let (X, E) be a strongly local Dirichlet space, µ ∈ M+σ (Bτ ), and d : X×2 → [0,∞]
be a τ -admissible extended pseudo-distance on X in the sense of Definition 2.2. If (X, E , d, µ)
satisfies (Radd,µ), then it satisfies (d-Radµ).
Proof. By Definition 2.2, there exists a family {dα}α∈A of τ -continuous pseudo-distances dα ≤ d
so that d = limα dα. Furthermore, |dα(x, y)− dα(x, z)| ≤ dα(y, z) ≤ d(y, z), thus dα(x, · ) is
d-Lipschitz and so dα ∈ Lµ,τloc,b by assumption. Therefore,
d(x, y) = d(x, y)− d(x, x) = lim
α
dα(x, y)− dα(x, x) ≤ sup
{
f(y)− f(x) : f ∈ Lµ,τloc,b
}
= dµ(x, y) . 
Let us now provide some examples.
Example 3.5 (Intrinsic distances of perturbed forms). Let (X, E) be a quasi-regular strongly local
Dirichlet space, and µ ∈ S be E-smooth in the sense of Definition 2.23. Further let G µ, resp. G µ0 , G µc ,
be defined as in (2.14), resp. (2.22), with Eµ in place of E . By Proposition 2.24, we have that G µ =
G , G µ0 ⊂ G0, hence G µc ⊂ Gc as well. Since Fµ ↪→ F , we have (Fµ)•loc(G•) ↪→ F•loc(G•) as well, for
every G• ∈ G µ = G , and therefore (Fµ)•loc ↪→ F•loc by (2.23). In particular,{
f ∈ (Fµ)•loc,b : µf ≤ µ
} ⊂ Lµloc,b .(3.1)
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Now, let (Eµ,Fµ) be the µ-perturbed form defined in (2.25), and denote by µEµf the Eµ-energy
measure of f ∈ Fµ. By (2.6) and definition of (Eµ,Fµ), we have that
µE
µ
f = µf + 2f˜
2 · µ ,(3.2)
which we may extend to f ∈ (Fµ)•loc by (2.19). Combining (3.1) and (3.2), we thus have
LE
µ,µ
loc,b :=
{
f ∈ (Fµ)•loc,b : µE
µ
f ≤ µ
} ⊂ Lµloc,b ,
and therefore, letting dE
µ
µ be the intrinsic metric of (Eµ,Fµ), one has dE
µ
µ ≤ dµ, that is the
distance-Rademacher property holds for (X, E , dEµµ , µ).
Example 3.6 (Rademacher property for extended distances). In the case when the intrinsic dis-
tance dm is extended, meaningful examples of Dirichlet spaces satisfying (Raddm,m) typically have
infinite-dimensional underlying space X. Examples include: configuration spaces, see Exam-
ples 2.41, 3.15, 3.30, 4.10; Wiener spaces [31]; and locally convex riggings of normed spaces [18].
Example 3.7 (Metric Measure Spaces). A wide class of examples of Dirichlet spaces satisfying the
Rademacher property is given by metric measure spaces (X, d,m).
A triple (X, d,m) is a metric measure space if (X, d) is a complete and separable metric space,
andm is a Borel measure on (X, d) with full support and finite on d-balls. For a function f ∈ Lip(d),
define the slope of f at x by
|Df | (x) := lim sup
y→x
|f(y)− f(x)|
d(x, y)
,
where, conventionally, |Df | (x) = 0 if x is isolated. The Cheeger energy [9, Eqn. (4.11)] on a metric
measure space (X, d,m) is the functional
Chd,m(f) := inf
{
lim inf
n
∫
|Dfn|2 : fn ∈ Lip(d) , L2(m)- lim
n
fn = f
}
, inf ∅ := +∞ .
A metric measure space (X, d,m) is called infinitesimally Hibertian if Chd,m is quadratic, in which
case, it is a strongly local Dirichlet form, satisfying (Radd,m) by construction.
3.1. Sufficient conditions. Under the assumption of strong locality, the next statement is an
extension to the quasi-regular Dirichlet spaces of [34, Thm. 4.9], the proof of which we adapt to
our setting. Concerning the assumptions, see [34, Dfn. 4.1, Rmk. 4.2].
Theorem 3.8. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be an
extended pseudo-distance on X and µ ∈M+σ (Bτ ,NE) be E-moderate. Further assume that:
(a) d( · , A) is Σ-measurable for every A ∈ Σ;
(b) d( · , A) ∧ r ∈ Lµloc,b for every A ∈ Σ and every r > 0.
Then, (X, E , d, µ) satisfies (Radd,µ).
Before proving the Theorem, we collect some remarks on the assumptions.
Remark 3.9. Note that:
(i) If τd is separable, then (a), (b) in Theorem 3.8 may be respectively substituted by:
(a′) d( · , x0) is Σ-measurable for every x0 ∈ X;
(b′) d( · , x0) ∧ r ∈ Lµloc,b for every x0 ∈ X and every r > 0.
Proof. Let A ⊂ X be any subset. Since τd is separable, there exists a countable set {xi}i
τd-dense in A. Therefore,
d( · , A) ∧ r = d( · , cldA) ∧ r = lim
n
min
i≤n
d( · , xi) ∧ r , r > 0 .(3.3)
Thus, d( · , A) is the limit of a sequence of Σ-measurable functions, by (a′), and therefore
it is Σ-measurable. Furthermore, mini≤n d( · , xi) ∧ r ∈ Lµloc,b by (b′) and (2.17), and thus
we conclude (b) by (3.3), Remark 2.37, and Lemma 2.36. 
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(ii) If d is τ -continuous, then τd is separable, and it suffices to assume (b′);
(iii) If we substitute (a), (b) with the stronger assumptions:
(a′′) d( · , A) is Σ-measurable for every A ⊂ X (possibly: A 6∈ Σ);
(b′′) d( · , A) ∧ r ∈ Lµloc,b for every A ⊂ X;
then we may relax the assumptions on fˆ in (Radd,µ) in that we do not need to assume
a priori that fˆ be Σ-measurable. Indeed, it is shown in the proof that, under (a′′), (b′′),
there exists f˜ ∈ Lµloc,b with f˜ = fˆ E-quasi-everywhere.
Proof of Theorem 3.8. Let fˆ ∈ Lip(d,Σ) with Ld(fˆ) ≤ 1. By Lemma 2.14 we may and shall assume
with no loss of generality that 0 ≤ f ≤ r m-a.e. for some r > 0. For s ≥ 0 set As(fˆ) :={fˆ ≥ s}.
Since dˆm,n := d
( · , Am/n(fˆ)) ∧ mn ∈ Lµloc,b by (b), it admits an E-quasi-continuous m-representative
d˜m,n. Further set
fˆn : x 7−→ max
1≤m≤nr
(
m
n − dˆm,n(x)
)
,
f˜n : x 7−→ max
1≤m≤nr
(
m
n − d˜m,n(x)
)
,
n ∈ N .
By the truncation property (2.17) we have fn ∈ Lµloc,b for every n ∈ N. In particular — as hinted
by the notation — f˜n is E-quasi-continuous for all n ∈ N. Since fˆ is d-Lipschitz, it is not difficult
to show that
m−1
n ≤ fˆn(x) ≤ mn , x ∈ A(m−1)/n(fˆ) \Am/n(fˆ) , n ∈ N .(3.4)
By [53, Prop. III.3.3, p. 81], there exists a nest (Fk)k simultaneously witnessing the E-quasi-
continuity of d˜m,n (hence that of f˜n) for all m,n ∈ N. Therefore, by (3.4) and since f˜n = fˆn
m-a.e.,
m−1
n ≤ f˜n(x) ≤ mn for m-a.e. x ∈ Fk ∩
(
A(m−1)/n(fˆ) \Am/n(fˆ)
) ∩B ,(3.5)
where B :=∩m,n
{
d˜m,n = d
( · , Am/n(fˆ))} is m-conegligible. In fact, since f˜n is τ -continuous on Fk,
Equation (3.5) holds for every x. It thus follows that f˜n converges to fˆ E-quasi-uniformly. There-
fore, possibly up to choosing a suitable non-relabeled subsequence, limn fn = f weakly* in L∞(m).
By Lemma 2.36 this concludes the proof. 
The assumptions in Theorem 3.8 are usually difficult to check. It is however worth to spell out
one result in the case when d = dµ. This was shown by K. Kuwae in [49] for not necessarily local
forms assuming the τ -continuity of dµ. We adapt the proof of [49] to our more general definition
of intrinsic distance, postponing a thorough comparison with [49] to Remark 3.11 below.
Proposition 3.10. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈M+σ (Bτ ,NE)
be E-moderate. Further assume that τdµ is separable. Then, the conditions (a′′) and (b′′) in
Remark 3.9(iii) hold for dµ.
Proof. We show the statement for A = {x0}. The assertion for dµ( · , A) with arbitrary A ⊂ X
follows by Remark 3.9(i). For fixed x0 ∈ X and r > 0, set ρˆx0 := dµ( · , x0) ∧ r.
Step 1. Suppose first that dµ is everywhere finite. Then (X, dµ) is a separable pseudo-metric
space, and therefore it is second countable. In particular, there exists a countable set {yi}i so that,
setting Bn,i :=B
dµ
1/n(yi), then {Bn,i}i is a τdµ -open covering of X for every n ∈ N. By definition
of dµ, for every n, i ∈ N and every fixed x ∈ X there exists fn,i,x ∈ Lµ,τloc so that
fn,i,x(x)− fn,i,x(yi) ≥ dµ(x, yi)− 1n , n, i ∈ N , x ∈ X ,(3.6)
fn,i,x(y) ≥ fn,i,x(x)− dµ(x, y) , n, i ∈ N , x, y ∈ X ,
fn,i,x(y) ≤ fn,i,x(yi) + 1n , n, i ∈ N , y ∈ Bn,i .(3.7)
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Combining (3.6) and (3.7) with the triangle inequality
dµ(x, yi) ≥ dµ(x, y)− 1n , n, i ∈ N , x ∈ X , y ∈ Bn,i ,(3.8)
yields
fn,i,x(y) ≤ fn,i,x(x)− dµ(x, y) + 3n , n, i ∈ N , x ∈ X , y ∈ Bn,i .
Now, let gn,i,x : y 7→ 0 ∨
(
fn,i,x(x)− fn,i,x(y)
) ∧ r, and note that gn,i,x ∈ Lµ,τloc by (2.17) for
every n, i ∈ N, and every x ∈ X, and that
0 ≤ gn,i,x(y) ≤ dµ(x, y) ∧ r , n ∈ N : nr > 1 , i ∈ N , x, y ∈ X ,(3.9)
gn,i,x(y) ≥
(
dµ(x, y)− 3n
) ∧ r , n ∈ N : nr > 1 , i ∈ N , x ∈ X , y ∈ Bn,i ,(3.10)
|gn,i,x(y)− gn,i,x(z)| ≤ dµ(y, z) , n ∈ N : nr > 1 , i ∈ N , y, z ∈ X .
Let ρn,m,x0 : y 7→ maxi≤m gn,i,x0(y), and note that ρn,m,x0 ∈ Lµ,τloc by (2.17) for n,m ∈ N and
every x0 ∈ X. Set ρˆn,x0 := limm ρn,m,x0 . By Remark 2.37 and Lemma 2.36 we have ρˆn,x0 ∈ Lµloc,b
for every x0 ∈ X. By (3.9) and (3.10), we have ρˆx0(y) = limn ρˆn,x0(y) for all y ∈ X. As a
consequence, ρx0 ∈ Lµloc,b for every x0 ∈ X and every r > 0 again by an application of Remark 2.37
and Lemma 2.36.
Step 2. Suppose now that dµ is an extended pseudo-distance. Since (X, τdµ) is separable, (X, dµ)
has up to countably many accessibility components Xi :=B
dµ∞ (xi), xi ∈ X, each an element of Bτ
and a separable pseudo-metric space. Fix x0 ∈ Xi for some i. Without loss of generality, up to
relabeling, i = 0. Arguing as in Step 1 with X0 in place of X, there exists a sequence
(
fˆn,x0
)
n
⊂
L∞(Σ) so that (fn,x0)n ⊂ Lµloc,b and
0 ≤ fˆn,x0(y) ≤ ρx0(y) , lim
n
fˆn,x0(z) = ρx0(z) , y ∈ X , z ∈ X0 .(3.11)
Again arguing as in Step 1, for each i ∈ N0 let {yi,k}k ⊂ Xi be a countable set, τdµ-dense in Xi.
For each i, k ∈ N1, there exists a sequence
(
gi,kn
)
n
⊂ Lµ,τloc,b so that
lim
n
gi,kn (yi,k)− gi,kn (x0) = dµ(yi,k, x0) =∞ , i, k, n ∈ N1 .
Without loss of generality, up to subtracting the constant gi,kn (x0) by (2.20), and possibly taking
a (non-relabeled) subsequence in n, we may and shall assume that
gi,kn (x0) = 0 , g
i,k
n (yi,k) ≥ n , i, k, n ∈ N1 ,(3.12)
and thus
gi,kn (y) ∧ r =
(
gi,kn (y)− gi,kn (x0)
) ∧ r ≤ ρx0(y) , i, k, n ∈ N1 , y ∈ X .
Furthermore
gi,kn (y)− gi,kn (x) ≤ dµ(x, y) , i, k, n ∈ N1 , x, y ∈ X .(3.13)
Letting gˆn,x : y 7→ 0 ∨ supi,k
(
gi,kn (y)− gi,kn (x)
) ∧ r for fixed x ∈ X, the function gˆn,x is Bτ -
measurable, and τdµ -continuous by (3.13). By τdµ-density of {yi,k}k inXi for every i, τdµ-continuity
of gˆn,x, and (3.12),
gˆn,x(y) = r , n ≥ r , x ∈ X , y ∈ X \X0 .(3.14)
Since gˆn,x = limm maxi,k≤m
(
gi,kn ( · )− gi,kn (x)
) ∧ r pointwise on X for every fixed x ∈ X, one has
that gn,x ∈ Lµloc,b for every x ∈ X by Remark 2.37 and Lemma 2.36.
Finally, set ρˆn,x0 : y 7→ fˆn,x0(y)∨ gˆn,x0(y)∧r, and note that ρn,x0 ∈ Lµloc,b by (2.17) for every n ∈
N and every x0 ∈ X. Then,
ρˆx0(y) ≥ ρˆn,x0(y) ≥ fˆn,x0(y) , n ∈ N , y ∈ X0 ,
r = ρˆx0(y) ≥ ρˆn,x0(y) ≥ gˆx,x0 , n ∈ N , y ∈ X \X0 .
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Thus, ρˆn,x0 converges pointwise to ρˆx0 everywhere on X by (3.11) and (3.14), and the conclusion
is implied by Remark 2.37 and Lemma 2.36. 
Remark 3.11 (Comparison with [49]). In [49, Thm. 3.1] the conclusion of Proposition 3.10 is
shown for non-local spaces (X, E) admitting carré du champ operator with a point-separating
form core of continuous bounded functions. In particular (X, E) is quasi-regular by [49, Lem. 2.2].
Additionally, it is assumed there that (A′′) dµ is τ -continuous; for some g ∈ F with 0 < g ≤ 1 m-a.e.
and ψ ∈ L1(g2m), it holds that (C)g µ = ψm is absolutely continuous; (D)g 0 < g ≤ 1 E-q.e..
Since τ is separable, (A′′) implies that τdµ is separable as well. Letting Gn :=(g˜2)−1((1/n, 2)),
then G• ∈ G by (D)g, and therefore µ m is E-moderate by (C)g.
The main consequence of the results in this section is collected in the next corollary.
Corollary 3.12. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈M+σ (Bτ ,NE) be
E-moderate, and assume that τdµ is separable. Then, (X, E , dµ, µ) satisfies (Raddµ,µ).
Proof. Consequence of Theorem 3.8, Remark 3.9(i) and Proposition 3.10. 
Remark 3.13 (Comparison with [47, 64]). Because of Remark 3.9(ii), Corollary 3.12 is a sensible
generalization to quasi-regular strongly local Dirichlet spaces of several results in the literature,
including e.g., [64, Lem. 1, Lem. 1′], [47, Thm. 2.1], obtained for dm on strongly regular Dirichlet
spaces. For the definition of strong regularity, see Remark 3.17 below.
Corollary 3.14. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈M+σ (Bτ ,NE) be
E-moderate, and assume that dµ : X×2 → [0,∞) is τ -continuous and everywhere finite. Further
let d : X×2 → [0,∞] be an extended pseudo-distance. Then,
(X, E , d, µ) satisfies (Radd,µ) if and only if (X, E , d, µ) satisfies (d-Radµ) .
Proof. Assume (d-Radµ). Then: (a) d is τ -continuous, since dµ is; and (b) d is everywhere finite,
since dµ is, and therefore d(x0, · ) ∈ L∞(m)•loc by Lemma 2.15 for every x0 ∈ X; (c) τdµ and τd are
separable; (d) d(x0, · ) is dµ-Lipschitz for every x0 ∈ X, since d ≤ dµ. By Corollary 3.12, (Raddµ,µ)
holds, therefore the assumptions (a′), (b′) in Remark 3.9(i) hold for d. Thus, Remark 3.9(i) applies,
and (Radd,µ) follows from Theorem 3.8.
By (a) and (c) above, d is τ -admissible, and the converse follows by Lemma 3.4. 
Proof of Proposition 3.3. We show the equivalent statement that (Radbs,bd,µ ) implies (Rad
b
d,µ).
Firstly, note that d-accessible components are clopen, therefore E-quasi-clopen, and thus E-
invariant by Proposition 2.39. Analogously to the proof of Proposition 2.40, we have there-
fore d( · , A) ∧ 1 ∈ Lµ,τloc,b. Therefore, d( · , Ac) ∧ 1 = 1−
(
d( · , A) ∧ 1) is an element of Lµ,τloc,b as
well, by (2.20). Set ρˆA := d( · , Ac)
Fix now fˆ ∈ Lip1b , and note that ρˆA · fˆ ∈ Lip1b as well. Arguing as in Step 2 in the proof of
Proposition 3.10, X has up to countably many d-accessible components, thus it suffices to show
the statement in the case when d has exactly one accessible components, that is, when d is a (ev-
erywhere finite) pseudo-distance. In this case, fix x0 ∈ X, and set fˆn := fˆ ·
(
0 ∨ (n− d(x0, · )) ∧ 1).
Then, fˆn ≡ fˆ on the ball Bdn−1(x0), and fˆn ∈ Lip1b(d) with bounded support in Bdn(x0). By
assumption, fn ∈ Lµ,τloc,b, and the conclusion is implied by Lemma 2.36 letting n→∞. 
The next example shows that the separability of τd is not necessary for the Rademacher property
to hold.
Example 3.15 (Configuration Spaces II). Recall the setting of Example 2.41, and in particular that
the intrinsic distance dpid of the canonical Dirichlet form (E ,F) on L2(Υ(Rd)) coincides with the
L2-transportation extended distance W2. Since all W2-accessible components are pid-negligible,
28 L. DELLO SCHIAVO AND K. SUZUKI
there exist more than countably many such components, thus the topology τ2 on Υ(Rd) induced
by W2 is not separable. The Rademacher property (RadW2,pid) is shown in [59, Thm. 1.3].
Since everyW2-accessible components is pid-negligible, everyW2-Lipschitz function with bounded
support is measurable w.r.t. the pid-completion of the σ-algebra on Υ(Rd), and coincides pid-a.e.
with the 0-function.
3.2. The Rademacher property and quasi-regularity. Note that the definition of intrinsic
distance is always well-posed for Dirichlet spaces that are not necessarily quasi-regular. In partic-
ular, we may always discuss properties like (Radd,m) and (d-Radm) on any Dirichlet space satisfy-
ing (sp1). Note however that the definition of strong locality is well-posed only if (sp2) holds. A
discussion of the interplay between d and τ motivates the following definitions, mimicking that of
strict locality [63, p. 224].
Definition 3.16 (Strict locality). Let X be satisfying (sp2), and (X, E) be a strongly local Dirichlet
space. We say that (X, E) is strictly local if τdm = τ .
Remark 3.17. If (X, E) is a regular strongly local Dirichlet space, then the definition of ‘strict
locality’ coincides with that of strong regularity, e.g. [65, p. 74].
In particular, if (X, E) is strictly local, then (X, τ) is metrizable, and dm is an extended distance.
The importance of strict locality is evident from the following more general fact. Let (X, E)
be a quasi-regular strictly local Dirichlet space, and µ ∈M+σ (Bτ ,NE) be E-moderate. By Corol-
lary 3.12,
Lip1b(dµ) = Lip
1
b(dµ,Σ) = Lip
1
b(dµ, τ) ⊂ Lµ,τloc,b .
Furthermore, Lµ,τloc,b ⊂ Lip1b(dµ) by definition of dµ. Therefore,
Lip1b(dµ) = L
µ,τ
loc,b .(3.15)
The next result was essentially shown by L. Ambrosio, N. Gigli, and G. Savaré in [9, Lem. 6.7]
in the case when mX <∞, and by Savaré in the case of σ-finite m.
Proposition 3.18. Let X be satisfying (sp2), (X, E) be a strongly local Dirichlet space, and
d : X×2 → [0,∞] be an extended pseudo-distance. Further assume that:
(a) τd = τ ;
(b) mBdr(x) <∞ for every x ∈ X and r ∈ (0,∞);
and either:
(c) (X, d) is a τ -locally complete metric space;
(d) (X, E) satisfies (Radbsd,m);
or:
(c′) (X, d) is a τ -locally complete extended metric space;
(d′) (X, E) satisfies (Radd,m).
Then, (X, E) satisfies (qr1) and (qr3). In particular, if (X, E) additionally satisfies (qr2), then it
is quasi-regular.
Proof. Since τ is separable, X has up to countably many d-accessible components, each a complete
and separable metric space. By (Radd,m) and Proposition 2.40, each d-accessible component is
E-invariant. As a consequence, we may restrict our attention to each d-accessible component and
assume, with no loss of generality, that d is everywhere finite. The rest of the proof follows exactly
as in [61, Thm. 4.1]. It suffices to note that (b) (as opposed to the exponential bound [61, (m-
exp), p. 1655]), and local completeness (as opposed to completeness) are enough to the arguments
there. 
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Remark 3.19 (Comparison with [11] — part I). Let (X, E) be satisfying assumptions (a)-(d) of
Proposition 3.18. Since (X, τ) is second countable, the definition of ‘strong locality’ in the sense
of [53] adopted here is implied by the definition of ‘locality’ in the sense of [19], as noted in [69,
p. 78]. Further note that (a), (c) and (sp2) with Σ :=Bmτ together are [11, (MD.a), p. 358]; (b) is [11,
(MD.b), p. 358] for d; (d) is implied by [11, (ED.b), p. 369]. If d = dµ in Proposition 3.18 for some
E-moderate µ ∈M+σ (Bτ ,NE), then (d′) (hence (d)) is a consequence of (a) and Corollary 3.12.
Now, letD :=F∩C(τ), and note that the form (E , D) is closable. Its closure (E0,F0) is a strongly
local Dirichlet form satisfying (qr2) by definition. By definition of intrinsic metric, the intrinsic
metric of the form (E0,F0) coincides with the intrinsic metric dm of the original form. As a conse-
quence, the Dirichlet space (X, E0) is a strongly local Dirichlet space satisfying assumptions (a)-(d)
of Proposition 3.18, and it is therefore also a quasi-regular Dirichlet space. It follows that, under
the assumptions of Proposition 3.18, we may assume (X, E) to be additionally quasi-regular, with
no loss of generality.
3.3. The Rademacher property and the length property. In this section we establish the
length property for intrinsic distances of strictly local spaces, adapting the characterization in terms
of sheaves given by P. Stollman in [63] for regular Dirichlet spaces. We start with a preliminary
Lemma.
Lemma 3.20. Let (X, E) be a quasi-regular strongly local Dirichlet space, and µ ∈ M+σ (Bτ ,NE)
be E-moderate. If τdµ = τ , then Lµ,τloc is a sheaf, i.e. for every f ∈ C(τ) it holds that f ∈ Lµ,τloc if
and only if for every x ∈ X there exists U ∈ τ with x ∈ U and so that f ∣∣
U
∈ Lµ,τloc (U).
Proof. Since τdµ = τ , dµ-accessible components are clopen, therefore (Borel) E-quasi-clopen, and
thus E-invariant by Proposition 2.39. As a consequence, f ∈ Lµ,τloc if and only if f
∣∣
A
∈ Lµ,τloc (A)
for each dµ-accessible component A ⊂ X. As a consequence, since (X, dµ) has at most countable
dµ-accessible components by separability of τ , we may assume with no loss of generality, up to
restricting to each such component, that dµ be everywhere finite.
Assume f ∈ Lµ,τloc and let G• ∈ G0 and f• ⊂ F be witnessing that f ∈ Lµ,τloc . Since U is
open, GUn :=Gn ∩U is E-quasi-open for every n, and therefore GU• :=
(
GUn
)
n
satisfies GU• ∈ G0(U).
Thus, GU• and f• witness that f
∣∣
U
∈ Lµ,τloc (U).
Vice versa, assume that for every x ∈ X there exists Ux ∈ τ so that x ∈ Ux and f
∣∣
Ux
∈ Lµ,τloc (Ux).
Since (X, τ) is Lindelöf, there exists a countable set {xn}n ⊂ X so that U• := (Un)n, with Un :=Uxn ,
is an open covering of X. For every n, there exist Gn• := (Gnk )k ∈ G (Un) and fn• := (fnk )k ⊂ F ∩
C(Un, τ) witnessing that f
∣∣
Un
∈ Lµ,τloc (Un). Analogously to (3.15), we have that fnk ∈ Lip1(Un, dµ, τ)
for every n and k.
Set Gn :=∪k≤nGkn and note that Gn is E-quasi-open. Since U• is a covering of X and since
∪kGnk = Un E-q.e. for every n, then ∪nGn = X E-q.e., and thus G• ∈ G . Further note that,
if Gnk ∩ Gmh 6= ∅ for some choice of the indices, then fnk = f = fmh m-a.e. on Gnk ∩ Gmh , therefore
everywhere on Gnk ∩ Gmh , since all functions involved are τ -continuous and supp[m] = X. As a
consequence, f
∣∣
Gn
is dµ-Lipschitz on Gn with Ldµ(f
∣∣
Gn
) ≤ 1.
Now, since dµ is everywhere finite, the (e.g., lower) McShane extension fˆn of f
∣∣
Gn
to X sat-
isfies fˆn ∈ Lip1(dµ) for every n, and fˆn
∣∣
Gn
= f everywhere (hence m-a.e.) on Gn. Since dµ
metrizes τ , we may write fn in place of fˆn (i.e.: fˆn is τ -continuous), and we have that fn ∈ Lµ,τloc
by Corollary 3.12.
Finally, for every fixed r > 0 set fn,r :=−r ∨ fn ∧ r and fr :=−r ∨ f ∧ r. Since ∪nGn = X
E-q.e., then ∪nGn = X m-a.e., and therefore m-a.e.-limn fn,r = fr, since Gn is E-q.e. increasing
and fn,r = fr on Gn. By Lemma 2.36, fr ∈ Lµloc, hence fr ∈ Lµ,τloc by continuity, for every r > 0.
The conclusion follows letting r →∞. 
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Theorem 3.21. Let (X, E) be a quasi-regular strictly local Dirichlet space. If (X, dm) is locally
complete, then it is a length space.
Proof. We adapt the proof of [63, Thm. 5.2]. We substitute A1 in [63] with Lm,τloc . Step 1 in the
proof of [63, Thm. 5.2] relies on [63, Lem. 5.2]. Lemma 5.2(1) is substituted by Lemma 3.20 above.
Lemma 5.2(2) is substituted by Lemma 2.36 above. Step 4 applies to the quasi-regular case as well,
having care to use Proposition 2.40. We have (Raddm,m) by Corollary 3.12, which substitutes [63,
Thm. 5.1] in the proof of Step 5. 
Remark 3.22 (Comparison with [11, 63]). Theorem 3.21 extends [63, Thm. 5.2] to the quasi-regular
case, and [11, Thm. 3.10] to the locally complete non-complete case, without the necessity of [11,
Dfn. 3.6(a)]. In the regular case, the choice to replace A1 by Lm,τloc is justified by Proposition 2.31.
The importance of the locally complete non-complete case is discussed in [63, Rmk. 3.4], from
which we borrow the next example.
Example 3.23 (Stollman). Let X ⊂ Rn be open, and denote by m the restriction of the standard
Lebesgue measure on X. On L2(m) consider the Dirichlet form (E ,F) generated by the Laplacian
with Dirichlet boundary condition. It is shown in [63, Prop. 3.3] that the intrinsic distance dm
induced by (E ,F) coincides with the length distance induced by the Euclidean distance on X.
As noted in [63], the latter space is a locally complete metric space. It is complete if and only
if X = Rn.
3.4. Localization. In this section, we introduce another sufficient condition for a quasi-regular
strongly local Dirichlet space to satisfy the Rademacher property. We are strongly inspired by [11,
Defn. 3.6(a)], which we reinterpret in the setting of §2.5.2.
Definition 3.24. Let (X, E) be a strongly local Dirichlet space, and µ ∈ M+σ (Bτ ,NE). We say
that (X, E , µ) is µ-uniformly latticially τ -localizable, in short: (X, E , µ) satisfies (Locµ,τ ), if µ is
E-moderate, and there exists a latticial approximation to the identity (θn)n uniformly bounded
by µ in energy measure, viz.
0 ≤ θn ≤ θn+1 ↗n ∞ , θn ∈ Lµ,τb (⊂ Cb(τ) ) .(Locµ,τ )
Remark 3.25. If (θn)n witnesses (Locµ,τ ) for (X, E , µ), we may and shall assume with no loss of
generality that:
• Vn := intτ {θn = n} 6= ∅ defines an open covering of (X, τ) (up to passing to a subsequence);
• θn ≤ n for every n ∈ N (by the Markov property and (2.8), up to relabeling θn as θn ∧ n).
Dirichlet spaces satisfying (Locµ,τ ) are also ‘algebraically localizable’, in the following sense.
If f ∈ L0(m) is so that fθn ∈ F for every n, then (Vn)n as above and ( 1nθnf)n ⊂ F witness
that f ∈ F•loc.
Remark 3.26. Consider a family of 1-Lipschitz truncations Sr ∈ C1b (R), r > 0, defined by
Sr(t) := rS(t/r) , where S(t) =
{
1 if |t| ≤ 1
0 if |t| ≥ 3
and |S′(t)| ≤ 1 .
If 1 ∈ F , then (Locµ,τ ) is trivially satisfied letting θn :=Sn ◦ 1. Since m is absolutely E-moderate,
we may always choose µ = m, in which case (Locm,τ ) on quasi-regular strongly local Dirichlet
spaces coincides with [11, Dfn. 3.6(a)] on strongly local Dirichlet spaces over Polish spaces.
Under (Locµ,τ ) the intrinsic distance (2.28) coincides as well with the one defined in [11,
Eqn. (1.9)] for strongly local Dirichlet forms on (possibly not locally compact) Polish spaces.
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Proposition 3.27. Let (X, E , µ) be satisfying (Locµ,τ ). Then,
dµ(x, y) = sup {f(x)− f(y) : f ∈ Lµ,τb } .(3.16)
Proof. For fixed x and y let (fk)k ⊂ Lµ,τloc,b be so that limk fk(x) = dµ(x, y). Without loss of
generality, by (2.17), 0 ≤ fk ≤ dµ(x, y) for all k. If dµ(x, y) < ∞, then θn ∧ fk(x) = fk(x)
for all n ≥ dµ(x, y), and θn ∧ fk ∈ Lµ,τb by (2.17). Thus dµ(x, y) = limk θn(x) ∧ fk(x). If
otherwise dµ(x, y) =∞, then dµ(x, y) = limk θk(x). 
Remark 3.28 (Comparison with [11] — part II). Together with Remark 3.19, Proposition 3.27
shows that we may compare our results with [11, Thm. 3.9]. In particular:
• Corollary 3.12 generalizes the implication ‘energy measure space implies (ED.b)’ in [11,
Thm. 3.9], substituting the assumption [11, Dfn. 3.6(b)]: “dm is a finite distance in X
which induces the topology τ and (X, dm) is a complete metric space” with “the topology
induced on X by dm is separable”.
In the next Proposition, we verify assumptions (a′) and (b′) in Remark 3.9 for dµ. Whereas this
fact is interesting in itself, it is not sufficient to establish (Raddµ,µ) by Theorem 3.8.
Proposition 3.29. Let (X, E , µ) be satisfying (Locµ,τ ), and so that m is additionally Radon. Then,
dµ( · , x0) ∧ r ∈ Lµloc,b , x0 ∈ X , r > 0 .
Additionally, if dµ( · , x0) ∈ L∞(m)•loc, then dµ( · , x0) ∈ Lµloc for all x0 ∈ X.
Proof. Throughout the proof let x0 ∈ X and r > 0 be fixed, and set ρ := dµ( · , x0) ∧ r. The
statement is well-posed since ρ is τ -l.s.c., thus Bτ - and Σ-measurable. The second assertion
follows from the first one and Lemma 2.14.
Let (A,) denote the set Lµ,τloc,b endowed with the partial order
f  g ⇐⇒ f( · )− f(x0) ≤ g( · )− g(x0) everywhere on X .
By the truncation property (2.8) and by (2.20), the poset (A,) is (upwards-)directed, with
(f g g)( · ) := (f( · )− f(x0)) ∨ (g( · )− g(x0)) .
By definition of dµ, there exists a net (fα)α∈A so that
dµ(x, x0) = lim
α
|fα(x)− fα(x0)| , x ∈ X .
Further let θn ∈ Lµ,τb be as in (Locµ,τ ) and set
ρα,n : x 7→ |fα(x)− fα(x0)| ∧ r ∧ θn(x) .
Again by the truncation property (2.8) and by (2.20), ρα,n ∈ Lµ,τb as well. Furthermore,
sup
α
‖ρα,n‖L2(m) ≤‖θn‖L2(m) ,
lim
α
ρα,n(x) =ρn(x) := dµ(x, x0) ∧ r ∧ θn(x) , x ∈ X , n ∈ N .
As a consequence of both, it follows by Lemma 2.30 that
lim
α
‖ρn − ρα,n‖L2(m) = 0 , n ∈ N .(3.17)
Additionally, since supα ‖ρα,n‖L∞(m) ≤ r, the net (ρα,n)α has an L∞(m)-weak* cluster point by
the Banach–Alaoglu Theorem. As in the proof of Lemma 2.36, every such cluster point is identical
to ρn by (3.17). We may therefore apply Lemma 2.36 to conclude that ρn ∈ Lµb for every n.
Finally, note that limn ρn(x) = ρ(x) for every x ∈ X. Thus, the sequence (ρn)n ⊂ Lµb ⊂
Lµloc,b converges to ρ weakly* in L∞(m) by Remark 2.37, and the conclusion follows by a second
application of Lemma 2.36. 
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The above Proposition may not be substituted by Corollary 3.12, as shown by the next exam-
ple, exhibiting a Dirichlet space (trivially) satisfying (Locm,τ ), but so that τdm does not induce a
separable topology.
Example 3.30 (Configuration Spaces III). Recall the setting of Example 2.41, and in particular
that the intrinsic distance dpid of the canonical Dirichlet form (E ,F) on L2(Υ(Rd)) coincides with
the L2-transportation extended distance W2. Denote by τ2 the topology on Υ(Rd) induced by W2,
and recall that it is not separable, since there exist uncountably many W2-accessible components.
Since pid is a finite measure, the Dirichlet space (Υ(Rd), E) satisfies both (Locpid,τ2) and (Locpid,τ ).
A more explicit example of the latticial approximation (θn)n is provided by the sequence of func-
tions θn :=n+ ρω,n, where ρω,n is defined as in [59, Lem. 4.2].
Lemma 3.31. Let (X, E , d, µ) be satisfying (Radd,µ). Further assume that d : X×2 → [0,∞) is
τ -continuous and everywhere finite, and that µ is E-moderate. Then, (X, E , µ) satisfies (Locµ,τ ).
Proof. Fix x0 ∈ X and set ρ := d( · , x0). By τ -continuity of d, the function ρ is τ -continuous, hence
both Bτ - and Σ-measurable, and everywhere finite, thus in L∞(m)
•
loc by Lemma 2.15. By (Radd,µ)
we have ρr := ρ ∧ r ∈ Lµ,τloc,b ⊂ F•loc for every r > 0. Since ρ ∈ L∞(m)•loc, then ρ ∈ Lµ,τloc by
Lemma 2.14. Set θ := ρ˜ = ρ, and let θn be defined as in Remark 3.26. Apply (2.18) to obtain
µθn = (S
′
n ◦ ρ˜)2 · µρ ≤ |S′n|µρ ≤ µ , n > 0 . 
4. The Sobolev-to-Lipschitz property
The second property of our interest is stated in the next definition.
Definition 4.1 (Sobolev-to-Lipschitz). Let (X, E) be a quasi-regular strongly local Dirichlet space,
µ ∈ M+σ (Bτ ,NE) be E-dominant, and d : X×2 → [0,∞] be an extended pseudo-metric. We say
that the quadruple (X, E , d, µ) satisfies:
• the Sobolev–to–continuous-Lipschitz property if
f ∈ Lµloc =⇒ ∃ fˆ ∈ Lip1(d, τ) ;(ScLµ,τ,d)
• the Sobolev–to–Lipschitz property if
f ∈ Lµloc =⇒ ∃ fˆ ∈ Lip1(d,Σ) ;(SLµ,d)
• the continuous-Sobolev–to–Lipschitz property if
f ∈ Lµ,τloc =⇒ ∃ fˆ ∈ Lip1(d, τ) ;(cSLτ,µ,d)
• the distance Sobolev-to-Lipschitz property if
d ≥ dµ .(d-SLµ)
Arguing by truncation, we might equivalently define, e.g.,
f ∈ Lµloc,b =⇒ ∃ fˆ ∈ Lipb(d, τ) with Ld(fˆ) ≤ 1 .(ScLbµ,τ,d)
Since a d-Lipschitz function is automatically τd-continuous, (ScLµ,τd,d) coincides with (SLµ,d).
However, since τ -continuity and τd-continuity are unrelated, (cSLτ,µ,d) is in general different from
(cSLτd,µ,d). An example of a space satisfying (cSLτd,µ,d), and for which (SLd,µ) is not known, is
given in Example 4.10 below.
Since m has full τ -support, the d-Lipschitz representative fˆ in (ScLµ,τ,d) is always uniquely
identified. In general the same does not hold for (SLµ,d), that is, if (SLµ,d) holds, then there might
exist even uncountably many d-Lipschitz representatives fˆ of f , see Example 4.10.
Finally, note that (ScLµ,τ,d) is equivalent to the requirement that
Lµ,τloc = L
µ
loc .(4.1)
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Proposition 4.2. The following implications hold.
(ScLµ,τ,d) =⇒ (SLµ,d) =⇒ (cSLτ,µ,d) ⇐⇒ (d-SLµ)
Proof. The implications (ScLµ,τ,d) =⇒ (SLµ,d) =⇒ (cSLτ,µ,d) hold by definition. Assume
(cSLτ,µ,d). Then, for every f ∈ Lµ,τloc,b with d-Lipschitz representative fˆ , one has |fˆ(x) − fˆ(y)| ≤
d(x, y), whence (d-SLµ) holds by taking the supremum over all f as above. Assume (d-SLµ). Then,
for every f ∈ Lµ,τloc,b with continuous representative fˆ , one has |fˆ(x)− fˆ(y)| ≤ dµ(x, y) by definition
of dµ, whence (cSLτ,d,µ) holds by (d-SLµ). 
Remark 4.3. If d is τ -continuous, then every fˆ ∈ Lip(d) is τ -continuous as well. Therefore, (ScLµ,τ,d)
and (SLµ,d) coincide. In particular, if dµ is τ -continuous, then (SLµ,dµ) coincides with (ScLµ,τ,dµ),
and, combining (3.15) with (4.1), we have
Lip1b(dµ) = L
µ
loc,b = L
µ,τ
loc,b .(4.2)
Remark 4.4 (Comparison with [11] — part III). Since (dµ-SLµ) always holds by definition, for
every µ, we automatically have (cSLτ,dm,m) by Proposition 4.2, which is [11, (ED.a)] when dm is
τ -continuous.
Corollary 4.5. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be
an extended pseudo-distance, and µ ∈ M+σ (Bτ ,NE) be E-moderate. Assume that τd is separable.
Then (d-SLµ) implies (Raddµ,µ).
Proof. By (d-SLµ), the topology induced by dµ is separable as well. The conclusion now follows
by Corollary 3.12. 
Lemma 4.6. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be an
extended pseudo-distance, and µ ∈M+σ (Bτ ,NE) be E-moderate. Further assume that
(a) (X, E , d, µ) satisfies (Radd,µ) and (ScLµ,τ,d);
(b) d( · , x) is Σ-measurable for every x ∈ X.
Then, d is τ -admissible in the sense of Definition 2.2.
Proof. By (Radd,µ) and (b), it holds that d( · , x) ∧ r ∈ Lµloc,b for every x ∈ X and r > 0.
By (ScLµ,τ,d), there exists a τ -continuous d-Lipschitz m-representative δˆx,r of d( · , x)∧ r. Now, set
dr : X
×2 −→ [0, r] , dr : (x, y) 7−→ δˆy,r(x) ,
and note that dr is τ×2-continuous, since x 7→ δˆx,r(y) = δˆy,r(x) is τ -continuous for every y ∈ X.
For every fixed z ∈ X and m-a.e. x, y ∈ X it holds that
(4.3)
dr(x, y) = δˆy,r(x) = d(x, y) ∧ r ≤ d(x, z) ∧ r + d(z, y) ∧ r
= δˆz,r(x) + δˆz,r(y) = dr(x, z) + dr(z, y) .
Since m has full support, (4.3) holds everywhere on X×2 by τ×2-continuity of dr, that is dr is a
pseudo-distance. By arbitrariness of r > 0, it follows that d is τ -admissible. 
Let us now collect some examples.
Example 4.7 (Triviality). Without information on the broad local space Lµ,τloc,b, the continuous-
Sobolev–to–Lipschitz property can easily trivialize. For instance, this is the case for the Liouville
Brownian motion described in Example 2.34, or for any other Dirichlet space for which dµ vanishes
identically, in which case the only Lipschitz functions are constant ones.
Example 4.8 (Connexion vs. quasi-connexion). For i ∈ {±1} let Xi :=(Xi, τi,Σi,mi) be the stan-
dard closed unit disk in R2 centered at (i, 0) ∈ R2, and (Ei,Fi) be the Dirichlet form generated by
the Neumann Laplacian on Xi. Further set X :=X−1 ∪X+1 and (E ,F) :=(E−1,F−1)⊕ (E+1,F+1),
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endowed with the measure m :=m−1 + m+1. Since X−1 ∩ X+1 = {02} is both E1- and E2-polar,
it is not difficult to show that (E ,F) is a regular strongly local Dirichlet space. Both (Xi, Ei)
satisfy (ScLmi,τi,di) for the standard topology and the Euclidean distance di := dmi on Xi. Let dm
be the intrinsic distance of (X, E). By strong locality, dm coincides with di on each Xi. By triangle
inequality, dm(xi, xj) ≤ di(xi,02) + dj(xj ,02) for every i 6= j ∈ {±1} and every xi ∈ Xi, xj ∈ Xj .
Thus, dm is a finite distance. The function fˆ :=1X+1 satisfies f ∈ F with µf = 0, but it is not
dm-Lipschitz. Therefore (X, E) does not satisfy (SLm,dm).
On the other hand, let us consider the space X◦ :=X\{02}. Since {02} is m-negligible, L2(m) is
latticially isometrically isomorphic to L2(m◦), and we may define a form E◦ on L2(m◦) by let-
ting E◦ := E . Now, the function 1X+1 is τ◦-continuous, since X◦ is τ◦-disconnected, and therefore
we have, cf. [63, Prop. 3.3],
d◦(x, y) := dm◦(x, y) =
{
di(x, y) if x, y ∈ Xi \ {02}
+∞ otherwise
.
As a consequence, (X◦, E◦) satisfies (ScLm◦,τ◦,d◦). Finally, note that the abstract completion X◦
of X◦ with respect to d◦ does not coincide with (X, dm), not even as a set. One has instead
that X◦ = X+1 unionsq X−1.
Example 4.9 (Wiener spaces). Let (X,H,m) be an abstract Wiener space, endowed with the
(extended) Cameron–Martin distance dH(x, y) := ‖x− y‖H and its canonical Dirichlet form (E ,F),
see e.g. [57, Eqn. (1.6)] in the case when µ = m is the Wiener measure. By [31], the Dirichlet
space (X, E) associated to (X,H,m) satisfies both (RadbdH ,m) and (SLm,dH ). By [57, Lem. 1.3], we
have
dH(x, y) = sup {f(x)− f(y) : f ∈ FC∞b , ‖Γ(f)‖∞ ≤ 1} ≤ dm(x, y) ,
i.e. (dH -Radm) holds. By Proposition 4.2, we have (dH -SLm) as well. Thus, dm = dH and dH is
τ -admissible by definition of dm.
Example 4.10 (Configuration spaces IV). Recall the setting of Example 3.30. The form (E ,F)
satisfies (cSLτ2,pid,W2) by [59, Thm. 1.5(i)]. It is conjectured in [59, Rmk., p. 331] that (E ,F)
satisfies in fact the stronger property (SLpid,W2).
Recall further, again from Example 2.41, that, for every W2-accessible component A ⊂ Υ(Rd),
the characteristic function of Ac is a Borel measurable W2-Lipschitz representative of the pid-
equivalence class of 1 in L2(Υ(Rd)). As a consequence, if the pid-equivalence class f of some
function in Lpidloc,b = L
pid
b has a W2-Lipschitz pid-representative, then it has in fact uncountably
many different such representatives.
On the one hand, this suggests that (ScLpid,τ,W2) should not be expected. On the other hand,W2
is τ -admissible on Υ(Rd) by [59, Lem. 4.2]. Together, these facts suggest that the assumptions
in Lemma 4.6 might be not sharp, in the sense that (SLµ,d) and τ -admissibility of d may not
imply (ScLµ,τ,d), not even under the assumption of (Radd,µ).
Example 4.11 (Wasserstein diffusion). Even in the case of regular strictly local Dirichlet spaces,
(ScLµ,τ,d) — i.e. (SLµ,d) — may be beyond reach. In such cases, (cSLτ,µ,d) turns out to be a
useful surrogate of (ScLµ,τ,d). Apart for the case of configuration spaces detailed in Example 4.10,
another example of this fact is provided by the Dirichlet space of the Wasserstein diffusion [58].
Indeed, let (E ,F) be the form [58, Dfn. 7.24] defined by integration of the squared L2-Wasserstein
gradient w.r.t. the entropic measure Pβ [58, Dfn. 3.3] on the space of probability measure P(S1)
over the unit circle, endowed with the narrow topology τn. Then, (E ,F) is a τn-regular strictly local
Dirichlet form on P2(S1) with intrinsic distance the Wasserstein distance W2, see [58, Thm. 7.25
and Cor. 7.29], satisfying the continuous-Sobolev–to–Lipschitz property by [58, Prop. 7.26(ii)].
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Example 4.12 (Sobolev-to-Lipschitz on metric measure spaces). A main example of Dirichlet spaces
satisfying the Sobolev-to-Lipschitz property is provided by metric measure spaces (X, d,m) as in
Example 3.7. In this setting, sufficient assumptions are, for instance that: (X, d,m) has synthetic
Riemannian Ricci curvature bounds in the sense of e.g. [38], see [10, Thm. 6.2]; (X, d,m) is 2-thick
geodesic infinitesimally doubling (and infinitesimally Hilbertian), see [25, Dfn.s 1.3, 1.6, Thm. 1.7].
In both cases, we have (d-SLm) by Proposition 4.2. Since τ = τd by assumption, d is trivially
τ -admissible. Since we consider the Dirichlet space of the Cheeger energy, (Radd,m) holds by
construction, as well as (d-Radm), by Lemma 3.4. As a consequence, in both cases we have dm = d.
4.1. Sobolev–to–Lipschitz-type properties and completeness. As shown in Proposition 3.18
and Theorem 3.21, under the assumption of strict locality of a Dirichlet space (X, E), the complete-
ness of the intrinsic distance dm plays an important role. In this section, we draw a comparison
between a strictly local Dirichlet space and its image on the metric completion of the underlying
space endowed with the intrinsic metric. We mostly expand on [11, Rmk 3.7], by showing that
if (X, E) is a quasi-regular strictly local Dirichlet space satisfying (SLm,dm), then we may assume
that (X, dm) is additionally complete, with no loss of generality. We do not, however, assume
that (X, τ) is a priori Polish. Let us start with some topological considerations.
Let (X, E) be a Dirichlet space, and d : X×2 → [0,∞] be an extended distance. Further
let (Xι, dι) be the abstract completion of (X, d) and denote by ι the completion embedding ι : X →
Xι. If ι(X) is a Borel subset of Xι, then ι is Bτd/Bτdι -measurable, and the image form (E ι,F ι)
in (2.4) is well-defined on the image space Xι.
Proposition 4.13. Let (X, τ) be satisfying (sp2) and (X, E) be a Dirichlet space satisfying (qr1).
Further let d : X×2 → [0,∞] be an extended distance generating τ . Then, the Dirichlet spaces (X, E)
and (Xι, E ι) are quasi-homeomorphic. In particular, (Xι, E ι) is quasi-regular if and only if (X, E)
is so.
Proof. Since (X, τ) ∼= (X, τd) by strict locality, we may denote by τ ι the topology on Xι induced
by dι, with no risk of confusion. Since X is metrizable Luzin, Xι is Polish, and ι(X) ∈ Bτι
by [17, Thm. 6.8.6]. Thus, (E ι,F ι) is well-defined. Since (qh2) and (qh3) hold by construction,
it suffices to show (qh1) for (Xι, E ι). By (qr1) for (X, E), there exists a τ -compact E-nest F•. By
continuity of ι, F ιn := ι(Fn) is τ ι-compact. By injectivity of ι, and since F ιn is Hausdorff, ι
∣∣
Fn
is a
homeomorphism onto F ιn for every n, e.g. [32, Thm. 3.1.13]. Thus, it suffices to show that F ι• is
an E ι-nest. This follows by definition of E-nest and (qh3). 
The assertion of Proposition 4.13 may be equivalently rephrased by saying that Xι \ ι(X) is
E ι-polar.
Proposition 4.13 is not of great interest when considering Dirichlet spaces up to quasi-homeomor-
phism. Indeed, if (X, E) is additionally quasi-regular (as opposed to: only satisfying (qr1)), then
one should rather consider a quasi-homeomorphic regular Dirichlet space. However, the proposition
is insightful in the case when d = dm is the intrinsic distance of a strictly local quasi-regular Dirichlet
space, as we now show.
Proposition 4.14. Let (X, E) be a quasi-regular strictly local Dirichlet space satisfying (SLm,dm).
Then, (Xι, dιm) and (Xι, dmι) are isometric.
Proof. Let f ι ∈ Lmι,τιloc,b . Then, f := f ι
∣∣
ι(X)
satisfies f ∈ Lm,τloc,b and therefore dmι ≤ dιm. Vice versa,
let f ∈ Lm,τloc,b. By (SLm,dm), and since f is bounded, there exists r > 0 so that f is dm ∧ r-Lipschitz.
Since dm∧r is a distance, f is uniformly continuous, and therefore extends uniquely to a continuous
function f ι on Xι. By Proposition 4.13, and in particular by (qh3), one has that f ι ∈ Lm
ι,τι
loc,b , and
the reverse inequality follows. 
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4.2. Sobolev–to–Lipschitz-type properties and Varadhan asymptotics. Under the as-
sumption of the Sobolev-to-Lipschitz property, we may compare point-to-set distance functions
with their ‘maximal representatives’ in F•loc.
Maximal functions. We start by recalling the following result of T. Ariyoshi and M. Hino [12],
extending M. Hino and J. Ramírez [44] to the case of σ-finite measure, adapted to our setting. Set
Lµ,Aloc,r := {f ∈ Lµloc : f = 0 m-a.e. on A , |f | ≤ r m-a.e.} ⊂ Lµloc,b , r > 0 .
Proposition 4.15 ([12, Prop. 3.11], cf. [44, Thm. 1.2]). Let (X, E) be a quasi-regular strongly local
Dirichlet space, µ ∈ M+σ (Bτ ,NE) be E-moderate. For each A ∈ Σ there exists an m-a.e. unique
Σ-measurable function d¯µ,A : X → [0,∞] so that d¯µ,A ∧ r is the m-a.e. maximal element of Lµ,Aloc,r.
Proof. The statement is well-posed since 0 ∈ Lµ,Aloc,r for every A ∈ Σ and r > 0. Let ν ∼ m be a
probability measure on (X,Σ) and set a := sup
{ ‖f‖L1(ν) : f ∈ Lµ,Aloc,r} ≤ r. By definition of a, there
exists a sequence (gk)k ⊂ Lµ,Aloc,r so that limk νgk = a. Set fn :=∨k≤ngk and note that (fn)n ⊂ Lµ,Aloc,r
as well, by (2.17). Since ν is a probability measure, up to choosing a suitable non-relabeled
subsequence, (fn)n converges to some f
(r), ν-, hence m-, a.e., and limn νfn = νf (r) = a by
Dominated Convergence in L1(ν) with dominating function r. Furthermore, f (r) = 0 m-a.e. on A,
since the same holds true for fn for every n. Therefore, it follows by Lemma 2.36 that f (r) ∈
Lµ,Aloc,r. Maximality and uniqueness are straightforward. The existence of d¯µ,A = m-a.e.- limr→∞ f (r)
follows by consistency, as in the proof of [12, Prop. 3.11]. 
We call the function d¯µ,A constructed in Proposition 4.15 the maximal function of A ∈ Σ. Note
that d¯µ,A is generally not an element of L∞(m)
•
loc.
Comparison results. Maximal functions should be compared with point-to-set distances induced
by intrinsic distances, as in the next two lemmas.
Lemma 4.16. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be an
extended pseudo-distance, and µ ∈M+σ (Bτ ,NE) be E-moderate. Further assume that:
(a) (X, E , d, µ) satisfies (Radd,µ);
(b) d( · , A) is Σ-measurable for every A ∈ Σ.
Then,
d( · , A) ≤ d¯µ,A m-a.e. , A ∈ Σ .
Proof. Since d( · , A) is d-Lipschitz with Ld(d( · , A)) ≤ 1 for all A ⊂ X, it holds that d( · , A) ∧ r ∈
Lµloc,b for all r > 0 by (b) and (Radd,µ). Since d( · , A) = 0 m-a.e. on A, then d( · , A) ≤ d¯µ,A m-a.e.
by Proposition 4.15. 
Lemma 4.17. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be an
extended pseudo-distance, and µ ∈ M+σ (Bτ ,NE) be E-moderate. Further assume that (X, E , d, µ)
satisfies (SLµ,d). Then, for each A ∈ Σ there exists A˜ ∈ Σ with A˜ ⊂ A and so that A4A˜ is
m-negligible, and
d¯µ,A = d¯µ,A˜ ≤ d( · , A˜) m-a.e. .(4.4)
Proof. By (SLµ,d), for every n ∈ N there exists a Σ-measurable d-Lipschitz m-representative ρˆA,n
of d¯µ,A∧n. Set A˜ :=∩n ρˆ−1A,n(0)∩A ∈ Σ. We have that A4A˜ is m-negligible, and ρˆA,n is identically
vanishing everywhere on A˜ for each n ∈ N. Thus,
ρˆA,n(x) ≤ d(x, y) + ρˆA,n(y) x, y ∈ X , n ∈ N ,
ρˆA,n(x) ≤ d(x, y) x ∈ X , y ∈ A˜ , n ∈ N .(4.5)
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Since n 7→ d¯µ,A ∧ n is monotone, there exists a set B ∈ Σ of full m-measure, and so that n 7→
ρˆA,r(x) is monotone for every x ∈ B and (ρˆA,n)n is consistent in n on B, in the sense that ρˆA,n ≡
ρˆA,m on the set B∩{ρˆA,n ≤ m}, for every m ≤ n. Note that A˜ ⊂ B, since ρˆA,n vanishes identically
on A˜ for each n ∈ N. Therefore, taking the infimum over y ∈ A˜ in (4.5) and the limit superior in n
to infinity,
lim sup
n→∞
ρˆA,n(x) ≤ inf
y∈A˜
d(x, y) , x ∈ X .
Since B has full m-measure, ρˆA := lim supn→∞ ρˆA,n is an m-representative of d¯µ,A, and the conclu-
sion follows. 
Remark 4.18 (On the choice of A˜). (a) Concerning the assertion of Lemma 4.17, one cannot
replace A˜ by A in (4.4), not even if A ∈ Bτ . This fact is most evident in the extreme case when A
is both m-negligible and τd-dense. In this case, d¯µ,A ≡ +∞, and therefore ρˆA,r ≡ r everywhere
on X for every r > 0. Thus, A˜ = ∅, and (4.4) yields the (void) conclusion
+∞ ≡ d¯µ,A ≤ inf
y∈∅ d( · , y) ≡ +∞ .
On the contrary, d( · , A) = d( · , cldA) = d( · , X) is identically vanishing.
(b) Under the assumptions of Lemma 4.17, suppose further that (ScLµ,τ,d) holds. Then, we may
choose ρˆA,n to be additionally τ -continuous for every n, and thus we may choose B = X in the
proof. Furthermore, since m has full τ -support, then C := ρˆ−1A,1(0) = ρˆ
−1
A,n(0) for all n by continuity.
Again by continuity of ρˆA,1, the set C is closed, and we have m(A4C) = 0 by definition of ρˆA,1.
Since ρˆA,1 ≡ 0 m-a.e. on intτ A, since both ρˆA,1 and 0 are τ -continuous on intτ A, and since intτ A
is open, then ρˆA,1 ≡ 0 everywhere on intτ A by Lemma 2.4. Therefore C ⊃ intτ A. In fact, since C
is τ -closed, then C ⊃ clτ intτ A. As a consequence, we have A˜ ⊃ A ∩ clτ intτ A. Note that, even
under (ScLµ,τ,d), it does not hold that C ⊃ A, as it is readily seen by choosing A an m-negligible
singleton, so that C = ∅.
(c) Under the assumptions of Lemma 4.17, suppose further that d is Σ-measurable, and that m
has full τd-support. Since SLµ,d coincides with ScLµ,τd,d, the same reasoning as in (b) holds when
replacing the τ -interior, resp. τ -closure with the τd-interior, resp. τd-closure. In particular, we may
choose any A˜ with intdA ⊂ A˜ ⊂ cld intdA.
(d) Finally, since d( · , B) is increasing as B is decreasing, the assertion of Lemma 4.17 remains
true if we replace A˜ by a smaller set. Thus, if additionally (ScLµ,τ,d) holds, then we may always
choose A˜ = A ∩ clτ intτ A.
Note that one is mostly interested in the case d = dµ (and, possibly, µ = m), in which case the
separability of τdµ grants that the assumptions of Lemma 4.16 are satisfied, by Corollary 3.12.
Theorem 4.19. Let (X, E) be a quasi-regular strongly local Dirichlet space, d : X×2 → [0,∞] be
an extended pseudo-distance, and µ ∈M+σ (Bτ ,NE) be E-moderate. Further assume that either:
(a1) (X, E , d, µ) satisfies (Radd,µ) and (ScLµ,τ,d);
(b1) d( · , A) is Σ-measurable for every A ∈ Σ;
or:
(a2) (X, E , d, µ) satisfies (Radd,µ) and (SLµ,d);
(b2) d( · , A) is Σ-measurable for every A ∈ Σ, and d is τ -admissible.
Then, for each A ∈ Σ there exists A˜ ∈ Σ with A˜ ⊂ A and so that A4A˜ is m-negligible, and
d¯µ,A = d¯µ,A˜ = d( · , A˜) = dµ( · , A˜) m-a.e. .(4.6)
Proof. In both cases, (d-SLµ) follows by Proposition 4.2, and d is τ -admissible, either by Lemma 4.6
or by assumption. Therefore, (d-Radµ) follows from (Radd,µ) by Lemma 3.4, which concludes
that d = dµ.
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Thus, the assumptions of both Lemmas 4.16 and 4.17 hold, and we have, for A˜ as in Lemma 4.17,
d¯µ,A˜ = d( · , A˜) = dµ( · , A˜) m-a.e. . 
In particular, we have the following.
Corollary 4.20. Let (X, E) be a quasi-regular strongly local Dirichlet space, µ ∈ M+σ (Bτ ,NE)
be E-moderate. If dµ is τ -continuous and (X, E , µ) satisfies (SLµ,dµ), then for each A ∈ Σ there
exists A˜ ∈ Σ with A˜ ⊂ A and so that A4A˜ is m-negligible, and
d¯µ,A = d¯µ,A˜ = dµ( · , A˜) m-a.e. .
If additionally m(A\intτ A) = 0 (in particular, if A is either τ -open, or a τ -continuity set for m,
i.e. m(∂τA) = ∅), then
dµ( · , intτ A) = d¯µ,A = dµ( · , clτ intτ A) m-a.e. .
Proof. By Proposition 3.10 we have (Raddµ,µ), and the first assertion follows by Theorem 4.19.
If m(A \ intτ A) = 0, then d¯µ,A = d¯µ,intτ A. The second assertion follows applying Theorem 4.19
with intτ A in place of A, and thanks to Remark 4.18(d), since we may choose A˜ = intτ A ∩
clτ intτ A = intτ A. 
Varadhan-type short-time asymptotics. For a Dirichlet space (X, E), we let T• := (Tt)t>0 be the
corresponding Markov semigroup, with heat kernel measure
pt( · , A) : X → [0,∞] , A ∈ Σ .
We further define the heat kernel bi-measure
Pt(A1, A2) :=
∫
A2
Tt 1A1 dm =
∫
A1
Tt 1A2 dm , A1, A2 ∈ Σ , mA1,mA2 > 0 .(4.7)
The maximal functions defined in Proposition 4.15 have appeared in [12, 44] as a key tool in
the study of the short-time asymptotics for the Markov semigroup T•. In the same setting of
Proposition 4.15, set
d¯m(A1, A2) :=m- essinf
x∈A1
d¯m,A2(x) , A1, A2 ∈ Σ .
As a consequence of Remark 2.20, we may specialize results in [12] to our more restrictive (topo-
logical) setting. The next result is a particular case of [12, Thm. 2.7, Prop. 3.11].
Theorem 4.21 (Ariyoshi–Hino [12]). Let (X, E) be a quasi-regular strongly local Dirichlet space.
Then,
lim
t→0
(−2t logPt(A1, A2)) = d¯m(A1, A2)2 , A1, A2 ∈ Σ , 0 < mA1,mA2 <∞ .(4.8)
In particular, since the left-hand side of (4.8) is symmetric, the function d¯m( · , · ) is symmetric
as well.
Among several examples of diffusion processes satisfying (4.8) are those for which d¯m,A can be
precisely identified. It is therefore natural to ask for sufficient conditions allowing to identify the
maximal function d¯m,A with a given point-to-set distance function d( · , A), as above. In particular,
combining (3.15) with Theorems 4.19 and 4.21, we have the following.
Corollary 4.22. Under the assumptions of Theorem 4.19, for i = 1, 2 and Ai ∈ Σ with mAi > 0,
there exists A˜i ∈ Σ with A˜i ⊂ Ai and so that Ai4A˜i is m-negligible, and
lim
t→0
(−2t logPt(A1, A2)) = lim
t→0
(−2t logPt(A˜1, A˜2)) = (m- essinf
y∈A1
dm(y, A˜2)
)2
.
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If (X, E) is additionally strictly local, and if either Ai satisfies m(Ai \ intτ Ai) = 0, then
lim
t→0
(−2t logPt(A1, A2)) = (m- essinf
y∈Aj
dm(y, A˜i)
)2
,
where i 6= j and A˜i is any set intτ Ai ⊂ A˜i ⊂ clτ intτ Ai.
5. Appendix: Rademacher and Sobolev-to-Lipschitz properties, and Varadhan
short-time asymptotics in sub-Riemannian geometry
In this section we provide synthetic proofs for the Rademacher property, the Sobolev-to-Lipschitz
property, and Varadhan short-time asymptotics for the heat kernel on locally doubling ideal sub-
Riemannian Dirichlet spaces with essentially non-degenerate distortion. The precise definition
is a combination of Definitions 5.1, 5.2, 5.6 and 5.7. Several such spaces are discussed in Exam-
ple 5.8; they include: the Heisenberg group, the Grushin plane, any ideal generalized H-type group,
Sasakian manifolds, and sub-Riemannian manifolds satisfying the measure contraction property.
5.1. Preliminary definitions. We collect here all preliminary definitions in sub-Riemannian ge-
ometry after [13, 15]. In the following, every curve is parametrized on I :=[0, 1].
5.1.1. Sub-Riemannian geometry. A sub-Riemannian manifold is a pair (M,H), where: (a) M is
a (second countable) smooth connected manifold of dimension n ≥ 3; (b) H is a bracket-gener-
ating (also: non-holonomic, completely non-integrable) distribution in TM pointwise spanned by
a frame F of smooth vector fields X1, . . . , Xm, and termed the horizontal distribution. We de-
note by gH the ‘horizontal’ metric on H induced by F , defined by polarization of the quadratic
functional
gHx (v, v) := inf
{
m∑
i
a2i :
m∑
i
aiXi(x) = v
}
, v ∈ TxM .
A horizontal curve in M is any piecewise C1 curve in M satisfying γ˙ ∈ Hγt for a.e. t ∈ I. The
length of a horizontal curve is
`(γ) :=
∫ 1
0
√
gH(γ˙, γ˙) dt .
Finally, the Carnot–Carathéodory (length) distance d induced by gH is the (up to now: possibly
extended) distance
d(x, y) := inf {`(γ) : γ horizontal, γ0 = x, γ1 = y} .(5.1)
Since H is bracket-generating, by the Chow–Rashevskii Theorem the Carnot–Carathéodory
(length) distance d induced by gH (e.g. [13, Eqn. (9)]) is a finite distance on M inducing the
topology of M .
Definition 5.1. A sub-Riemannian manifold (M,H) is ideal if (M, d) is a complete metric space
admitting no non-constant abnormal length minimizers in the sense of e.g. [13, Dfn. 13].
Every ideal sub-Riemannian manifold is geodesically complete, by the Hopf–Rinow–Cohn-Vossen
Theorem.
5.1.2. Dirichlet forms. An ideal sub-Riemannian space is a quadrupleM :=((M,H), τ,Σ,m), where
(M,H) is an ideal sub-Riemannian manifold with topology τ , and (M, τ,Σ,m) is a space satis-
fying (sp3) and additionally such that m has smooth nowhere vanishing density w.r.t. the n-
dimensional Lebesgue measure on each local chart of M , and satisfying, for some d-Lipschitz
function V : M → R, the volume growth condition∫
M
e−V
2
dm <∞ .(5.2)
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The sub-Laplacian of M is the non-positive L2(m)-symmetric differential operator on C∞0 (M)
defined by
L = −
∑
i≤n
X∗i Xi ,
where X∗i denotes the adjoint of Xi w.r.t. the L2(m)-scalar product. The horizontal square-field
operator of L is the quadratic form
Γ(f) :=
∑
i≤m
(Xif)
2 , f ∈ C∞(M) .
The corresponding bilinear form induced by polarization satisfies
Γ(f, g) = 12
(
L(fg)− fLg − gLf) , f, g ∈ C∞0 (M) .
Loosely following [15] (cf. [15, Hyp. 1.1]) assume that
(H1) there exists a sequence hk ∈ C∞0 (M) with 0 ≤ hk ≤ 1 on M , pointwise increasing to 1, and
so that limk ‖Γ(hk)‖∞ = 0.
Note that (H1) is a stronger form of (Locm,τ ), where one additional requires the functions hk = θk
to be smooth and their energy measure to vanish, rather than to be uniformly bounded.
Then, since m has nowhere-vanishing density, (L, C∞0 (M)) is essentially self-adjoint, see [14,
Prop. 1.20] cf. [15, p. 187]. It is not difficult to show that the bilinear form (E , C∞0 (M)) defined
by E(f, g) := 〈f | −Lg〉L2(m) is a pre-Dirichlet form on L2(m) (see [15, p. 191]) and that its closure
is a regular strongly local Dirichlet form on M with carré du champ operator Γ, viz.
dµf = Γ(f) dm , f ∈ F .(5.3)
Definition 5.2. An ideal sub-Riemannian Dirichlet space is a pair (M, E), with M an ideal sub-
Riemannian space satisfying (H1) and (5.2), and (E ,F) the Dirichlet form constructed above.
5.1.3. Identification of forms. Let (M, E) be an ideal sub-Riemannian Dirichlet space with Carnot–
Carathéodory distance d, and recall the definition of Cheeger energy of a metric measure space
given in Example 3.7. Here, we show that the Cheeger Chd,m induced by d and by the reference
measure m is quadratic, and coincides with the canonical Dirichlet form on M.
Proposition 5.3. Let (M, E) be an ideal sub-Riemannian Dirichlet space. Then,
E = Chd,m .
Proof. By [41, Thm. 11.7], Γ(f) is the minimal 2-weak upper gradient of f for every f ∈ F , and
the conclusion follows by [9, Thm. 6.2] thanks to the volume-growth assumption in (5.2). 
Proposition 5.3 in particular shows that an ideal sub-Riemannian metric measure space (M, d,m)
satisfying (H1) and (5.2) is always infinitesimally Hilbertian.
5.2. The Sobolev-to-Lipschitz property. Let M be an ideal sub-Riemannian space. For i =
0, 1 and Ai ∈ Bτ , the set Zt(A0, A1) of t-intermediate points is the set of all points of the form γt
for some minimizing geodesic γ : I → M with γi ∈ Ai. For x, y ∈ M , the distortion coefficient
from x to y is defined as
βx(x, y) := lim sup
r→0
mZt(x,Br(y))
mBr(y)
, β0( · , · ) ≡ 0 , β1( · , · ) ≡ 1 .
Further let Pacc (M) denote the set of all probability measures with compact support in M and
absolutely continuous w.r.t. the Lebesgue measure on every chart. We have the following.
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Theorem 5.4 (Barilari–Rizzi [13, Thm.s 32, 39], cf. Figalli–Rifford [33, Thm. 3.5]). Let (M,H)
be an ideal sub-Riemannian manifold, and fix µ0 ∈Pacc (M) and µ1 ∈Pc(M). Then, there exists
a unique minimizing 12d
2-Wasserstein geodesic (µt)t∈I joining µ0 to µ1. The geodesic (µt)t∈I is
induced by an optimal transport map T , and satisfies µt ∈Pacc (M) for each t ∈ [0, 1).
In the statement of the next result, for measures µ0, µ1 ∈Pacc (M) joined by the unique Wasser-
stein geodesic (µt)t, define a density ρt : M → R by µt = ρtm for each t ∈ I. Further denote
by (Tt(x))t∈I the µ0-a.e. unique minimizing geodesic on M parametrizing the optimal transport
of dµ0(x) to dµ1(T (x)).
Theorem 5.5 (Interpolation inequality, Barilari–Rizzi [13, Thm. 4]). Let (M,H) be an ideal sub-
Riemannian manifold, fix µ0, µ1 ∈Pacc (M). Then,
1
ρt
(
Tt(x)
)1/n ≥ β1−t
(
T (x), x
)1/n
ρ0(x)1/n
+
βt
(
x, T (x)
)1/n
ρ1
(
T (x)
)1/n for µ0-a.e. x ∈M .
In order to show the Sobolev-to-Lipschitz property, we need some further assumptions.
Definition 5.6 (Distortion essential non-degeneracy). Let (M,H) be an ideal Riemannian man-
ifold, and m be a smooth Borel measure on M with full support. We say that the distortion
coefficients (βt)t∈I are essentially non-degenerate if
κ(a, b) :=m⊗2- essinf
(
a βt( · , · ) + b β1−t( · , · )
) ≥ κ(a, b) > 0 , t ∈ I , a, b > 0 .
Definition 5.7 (Local doubling). A metric measure space (X, d,m) is locally doubling if there
exist constants C,R > 0 so that
mB2r(x) ≤ CmBr(x) , x ∈ X , r ∈ (0, R) .
Let us now collect some examples of sub-Riemannian spaces satisfying the above definitions.
Example 5.8. Examples of locally doubling ideal sub-Riemannian Dirichlet spaces with essentially
non-degenerate distortion include:
(a) the Heisenberg group H3, by [13, Cor. 51];
(b) any ideal generalized H-type group (see [13, Dfn. 53]), by [13, Cor. 57];
(c) the Grushin plane G2, by [13, Cor. 64];
(d) any ideal Sasakian manifold as in [13, Cor. 67] and additionally satisfying (H1), (5.2) and
local doubling;
(e) any ideal sub-Riemannian manifold satisfying the measure contraction propertyMCP(0, N)
and (H1), by [13, Thm. 9] and because of [13, Thm. 19 and Cor. 38]. For the validity of
local doubling and the volume-growth assumption (5.2) see e.g. [68, Rmk. 5.3].
In order to show the Sobolev-to-Lipschitz property, we shall additionally need the following
definition, borrowed from [39].
Definition 5.9 (Measured-length space, cf. [39, Dfn. 3.16]). A metric measure space (X, d,m) is a
measured-length space if there exists an m-co-negligible subset Ω ⊂ X with the following property.
For i = 0, 1 and every xi ∈ Ω there exists ε > 0 such that for each εi ∈ (0, ε] there exists a test
plan piε0,ε1 ∈P(C(I,X)) (see [39, Dfn. 2.2]) with the following properties:
(a) the map
(0, ε]×2 3 (ε0, ε1) 7→ piε0,ε1(5.4)
is weakly Borel measurable, viz.
(ε0, ε1) 7−→
∫
ϕdpiε0,ε1 is Borel measurable ϕ ∈ Cb(C(I,X)) ;
42 L. DELLO SCHIAVO AND K. SUZUKI
(b) letting evt : C(I,M) 3 γ 7→ γt ∈M be the evaluation map on curves, it holds that
(evi)]pi
ε0,ε1 =
1Bεi (xi)
mBεi(xi)
, εi ∈ (0, ε] ;
(c) we have that
lim sup
ε0,ε1↓0
∫∫ 1
0
|γ˙|2 dtdpiε0,ε1(γ) ≤ d(x0, x1)2 .
Proposition 5.10. Let M be a locally doubling ideal sub-Riemannian space with essentially non-
degenerate distortion. Then, the canonically associated Dirichlet space (M, E) satisfies (ScLm,τ,d).
Proof. By [39, Prop. 3.19], the Cheeger energy on every infinitesimally Hilbertian locally doubling
measured-length space satisfies (SLm,d). By Proposition 5.3, the canonical form on any ideal sub-
Riemannian space coincides with the Cheeger energy induced by the reference measure and by
the Carnot–Carathéodory distance. Since (M, E) is strictly local, (ScLm,τ,d) coincides with (SLm,d).
Thus, it suffices to verify that (M, d,m) is a measured-length space.
Step 0: Preliminaries. Denote by Geo(M) the space of all constant-speed minimizing geodesics
on M endowed with the uniform topology induced by d. By standard measurable selection ar-
guments and [8, Lem. 2.11], cf. the proof of [8, Thm. 2.10], there exists a Borel measurable
map GeoSel : M×2 → Geo(M) satisfying: GeoSel(x, y) is a constant speed minimizing geodesic
curve connecting x to y.
Step 1: Construction of pi. Let xi ∈ M , i = 0, 1. If x0 = x1, then the requirements in
Definition 5.9(a)–(c) hold trivially. Thus, we may assume x0 6= x1. Set ε := d(x0, x1)/4 > 0 and let
µεi :=
1Bεi (xi)
mBεi(xi)
.
By definition of ε0, ε1, ε, the sets suppµε0 and suppµε1 are well-separated. Therefore, by The-
orem 5.4, there exists an optimal transport map T = T ε0,ε1 satisfying µε1 = T]µε0 . Let piε0,ε1 =
(idM , T )]µ
ε0 be the (unique) optimal coupling between µε0 and µε1 , and set piε0,ε1 := GeoSel]piε0,ε1 .
For every εi ∈ (0, ε], the measure piε0,ε1 is the unique optimal displacement plan given by Theo-
rem 5.4 and the superposition principle [52, Thm. 4], [8, Thm. 2.10], and satisfies Definition 5.9(b).
By [52, Thm. 5], the plan piε0,ε1 is concentrated on absolutely continuous curves into M and has
finite 2-energy, thus in order to show that it is a test plan in the sense of [39, Dfn. 2.2], it suffices
to show that it has bounded compression, i.e. that there exists C > 0 so that
(evt)]pi
ε0,ε1 ≤ Cm , t ∈ I .
Step 2: Properties of pi. If (µε0,ε1t = ρtm)t∈I is the geodesic provided by Theorem 5.4 connect-
ing µε0 to µε1 , then, by construction of the displacement plan we have
(evt)]pi
ε0,ε1 = µε0,ε1t .(5.5)
By Theorem 5.5, for µε0-a.e. x ∈M ,
ρt
(
Tt(x)
)−1/n ≥ (mBε0(x0))1/n · β1−t(T (x), x)1/n + (mBε1(x1))1/n · βt(x, T (x))1/n
≥ (mBε0(x0) · β1−t(T (x), x)+ mBε1(x1) · βt(x, T (x)))1/n ,
hence, since m and µε0 are mutually absolutely continuous on Bε0(x0),
m- essinf
Bε0 (x0)
ρt
(
Tt( · )
) ≥ κ(mBε0(x0),mBε1(x1))1/n .
As a consequence, since µε0,ε1t is concentrated on Tt
(
Bε0(x0)
)
, the density ρt is m-essentially
bounded by C :=κ
(
mBε0(x0),mBε1(x1)
)−1
< +∞, and the plan piε0,ε1 has therefore bounded
compression.
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In order to show Definition 5.9(c), note that piε0,ε1 is concentrated on the set of minimizing
geodesics connecting Bε0(x0) to Bε1(x1). In particular, in the constant speed parametrization,∫∫ 1
0
|γ˙|2 dtdpiε1,ε2(γ) ≤ (d(x0, x1)2 + ε0 + ε1)2 ε0,ε1↓0−−−−→ d(x0, x1)2 ,
which shows the assertion.
It remains to show the measurability assertion in Definition 5.9(a). We show the stronger
statement that the map in (5.4) is continuous. By [33, Thm. 3.2], for every x in a set Ω0 of
full µε0 -measure, there exists a unique constant-speed minimizing geodesic γx joining x to T (x).
By [33, Thm. 3.7, Rmk. 3.8], the map T is continuous (in fact: differentiable) on Ω0 (possibly:
up to redefining Ω0 by removing a µε0-negligible set). As a consequence, the map Ω0 → Geo(M)
defined by x 7→ γx is as well µε0 -a.e. continuous. Analogously, the map Graph(T ∣∣
Ω0
) → Geo(M)
defined by
(
x, T (x)
) 7→ γx is piε0,ε1 -a.e. continuous, for every ε0, ε1 ∈ (0, ε]. Since, for every x ∈ Ω0,
the curve γx is the unique constant speed minimizing geodesic connecting x to T (x), the latter map
coincides with GeoSel on Graph
(
T
∣∣
Ω0
)
. As a consequence, for every εi ∈ (0, ε], the map GeoSel is
continuous piε0,ε1 -a.e. on M×2.
By construction, cf. (5.5), we have that piε0,ε1 = GeoSel]piε0,ε1 . Now, for εi ∈ (0, ε]:
(i) the maps εi 7→ µεi are, straightforwardly, narrowly continuous;
(ii) the map (µε0 , µε1) 7→ piε0,ε1 is narrowly/narrowly continuous by uniqueness of piε0,ε1 and
stability of optimality, e.g. [8, Prop. 2.5];
(iii) the map piε0,ε1 7→ piε0,ε1 is narrowly/narrowly continuous by the Continuous Mapping
Theorem, since the discontinuity set of GeoSel is piε0,ε1-negligible.
As a consequence, their composition, i.e. the map defined in (5.4), is narrowly continuous, and
therefore weakly measurable. 
5.3. Intrinsic distances and the short-time asymptotics. Let us now show that the intrinsic
distance dm of an ideal sub-Riemannian Dirichlet space (M, E) as defined in (2.28) coincides with
the Carnot–Carathéodory distance d of (M,H) defined in (5.1).
A tangent vector v ∈ TxM is said to be subunit for L if v =
∑
i≤m αiXi for some (αi)i≤m
with
∑
i≤m α
2
i ≤ 1. In our setting, the definition only depends on the frame F inducing the
horizontal distribution H on M , and simply amounts to say that v ∈ Hx and gH(v, v) ≤ 1. An
absolutely continuous curve γ : I →M is said to be subunit for L if γ˙t is subunit for a.e. t ∈ I. In
particular, every subunit curve is horizontal.
Corollary 5.11. Let (M, E) be an ideal sub-Riemannian Dirichlet space. Then, for x, y ∈M ,
dm(x, y) = d(x, y)
= sup {f(x)− f(y) : f ∈ C∞(M) , ‖Γ(f)‖∞ ≤ 1}
= inf
{∫ 1
0
√
gH(γ˙t, γ˙t) dt : γ subunit, γ0 = x, γ1 = y
}
.
Proof. Combining Propositions 5.3 and 5.10, we have that (ScLm,τ,d) holds for (M, E). Since
Chd,m satisfies (Radd,m) as well, cf. Example 3.7, again by Proposition 5.3, we have that (M, E)
satisfies (Radd,m) as well. As a consequence we have (d-SLm) and (d-Radm) (by Lemma 3.4) as well,
hence d = dm.
It is claimed in [15] immediately after Eqn. (1.8), that the second equality in the assertion holds
by [22, Lem. 5.29] (not 5.43 as indicated in [15]). A more complete proof may be found in [14,
Prop. 1.12]. The third equality follows combining the definition of subunit curve with that of d. 
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Remark 5.12. Note that the intrinsic distance dm is defined as a supremum over the set of functions
in F•loc ∩ Cb(M) satisfying Γ(f) ≤ 1 m-a.e.. Combining (5.3) and Proposition 2.31,
dm(x, y) = sup {f(x)− f(y) : f ∈ Floc ∩ Cb(M) : ‖Γ(f)‖∞ ≤ 1} ,
and, by (H1) and Proposition 3.27 we may further replace Floc ∩ Cb(M) by F ∩ Cb(M) above.
However, it is not always possible to replace F ∩ Cb(M) with C∞b (M) in the above equality. In
particular, this does not hold — even in the Riemannian setting — if the diffusion coefficients (or
the vector fields in the generating frame) are not of class C2; see [66, Rmk. 3, p.1859].
Combining all previous results with Corollary 4.22, we obtain the following.
Corollary 5.13. Let (M, E) be a locally doubling ideal sub-Riemannian Dirichlet space. Then, for
every pair of open subsets A1, A2 ⊂M with mAi > 0,
lim
t→0
(−2t logPt(A1, A2)) = (m- essinf
y∈A1
dm(y,A2)
)2
.
For A1, A2 not open, the same conclusion of Corollary 4.22 holds as well.
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List of notations
4 symmetric difference of sets
 absolute continuity of measures
restriction of measures
∗ as in j∗f pull-back of a function f via a map j
] as in j]µ push-forward of a measure µ via a map j
A any space of functions
Ab space of bounded functions in A
A •loc broad local space of A , §2.4
Bτ Borel σ-algebra induced by a topology τ
Bdr(x) d-ball of radius r ∈ [0,∞] and center x
C space of continuous functions
d extended pseudo-distance
dµ intrinsic (extended pseudo-)distance, (2.28)
d¯µ,A µ-maximal function of a set A, Prop. 4.15
(E ,F) Dirichlet form with domain F
(Eµ,Fµ) µ-perturbation of (E ,F) by a smooth measure µ, (2.25)
Fdom space of functions with minimal dominant energy measure
Fe extended domain of a Dirichlet form (E ,F)
Floc local domain of a Dirichlet form (E ,F)
f class of a measurable function up to a.e.-equivalence
fˆ representative of the class f
f˜ quasi-continuous representative of the class f
G , G0, Gc families of quasi-open nests, §2.4
Lµloc, L
µ,τ
loc broad local spaces of functions with µ-bounded energy, §2.6.1
Lµ, Lµ,τ spaces of functions with µ-bounded energy, §2.6.1
Lp space of p-integrable functions, p ∈ [0,∞]
Lp space of classes of p-integrable functions up to a.e.-equivalence
Ld(fˆ) global Lipschitz constant of a function fˆ w.r.t. d
Lip(d,Σ) space of d-Lipschitz Σ-measurable functions
Lip(d, τ) space of d-Lipschitz τ -continuous functions
M+b (Σ) non-negative bounded measures on a σ-algebra Σ
M±σ (Σ) extended signed σ-finite measures on a σ-algebra Σ
M+σ (Σ) σ-finite measures on a σ-algebra Σ
M0,M absolutely moderate, resp. moderate, measures, Dfn. 2.22
m reference measure
S0, S measures of finite energy integral, resp. smooth measures, Dfn. 2.23
Σ σ-algebra
Σµ completion of Σ w.r.t. a measure µ : Σ→ [0,∞]
τ topology
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